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~Ü˛Ü˛~Ü˛Ü˛~Ü˛Ü˛~Ü˛Ü˛~Ü˛Ü˛     9 :          ê˛yöy ï˛yˆÏÓ˚Ó˚ flõ®öê˛yöy ï˛yˆÏÓ˚Ó˚ flõ®öê˛yöy ï˛yˆÏÓ˚Ó˚ flõ®öê˛yöy ï˛yˆÏÓ˚Ó˚ flõ®öê˛yöy ï˛yˆÏÓ˚Ó˚ flõ®ö     (Vibration of stretched strings)

9.1 ≤ÃhflÏyÓöy

í ẑ̨ Ïj¢ƒ

9.2 ê˛yöy ï˛yÓ˚

9.2.1 xö%≤Ãfliû˛yˆÏÓ Ü˛!¡õï˛ ï˛yˆÏÓ˚Ó˚ ¢!_´ !öî≈Î˚–

9.3 Ü˛!£Ï≈ï˛ ï˛yÓ˚ (Plucked string)

9.4 xy•ï˛ ï˛yÓ˚ (Struck string)

9.5 åÈí˛¸ê˛yöy ï˛yÓ˚ (Bowed string)

9.5.1 ˆ•°‰ü‰ˆÏ•y°Í§ÈÙÈ~Ó˚ §)e

9.5.2 åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ çöƒ ˆ•°‰üˆÏ•y°Í§‰ ~Ó˚ ï˛_¥

9.6 §yÓ˚yÇ¢

9.7 §Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#

9.8 í˛z_Ó˚üy°y

9.1 ≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy

xy˛õöyÓ˚y !öÿ˛Î˚•z §Óy•z ï˛yˆÏÓ˚Ó˚ Óyçöy ÷öˆÏï˛ û˛y°ÓyˆÏ§ö ~ÓÇ xˆÏöˆÏÜ˛ •Î˚ï˛ !öˆÏçÓ˚y Óyçöy  Óy!çˆÏÎ˚Ä

ÌyˆÏÜ˛ö– ï˛yˆÏÓ˚Ó˚ ÓyçöyÓ˚ ˆ«˛ˆÏe xy˛õöyÓ˚y xÓ¢ƒ•z °«˛ Ü˛ˆÏÓ˚ ÌyÜ˛ˆÏÓö ˆÎñ §ÓÓ˚Ü˛ü ï˛yˆÏÓ˚Ó˚ ÓyòƒÎsf ÓyçyÓyÓ˚

û˛!D ~Ü˛Ó˚Ü˛ü öÎ˚– ˆÜ˛yöÄ ˆÜ˛yöÄ ÎˆÏsf ï˛yˆÏÓ˚Ó˚ Ü˛ï˛Ü˛=!° !ÓˆÏ¢£Ï !Ó®%ˆÏï˛ xyâyï˛ Ü˛ˆÏÓ˚ ~Ü˛!ê˛ !ÓˆÏ¢£Ï §%Ó˚ñ

§,!‹T Ü˛Ó˚y •Î˚– !˛õÎ˚yˆÏöy Ä §vÓ˚ ~ çyï˛#Î˚ ÓyòƒÎsf– xyÓyÓ˚ xyüÓ˚y Îáö ˆÜ˛yöÄ ˆ§ï˛yÓ˚ ÓyòˆÏÜ˛Ó˚ Óyçöy

÷!öñ ï˛áö ˆò!á ˆÎ !ï˛!ö ï˛yÓ˚!ê˛ˆÏÜ˛ !ÓˆÏ¢£Ï !ÓˆÏ¢£Ï fliyˆÏö ˆã˛ˆÏ˛õ ôÓ˚ˆÏåÈö ~ÓÇ xöƒ •yˆÏï˛ xöƒ ~Ü˛!ê˛ !ÓˆÏ¢£Ï

fliyˆÏö ï˛yÓ˚!ê˛ˆÏÜ˛ ˛õyˆÏ¢Ó˚ !òˆÏÜ˛ ˆê˛ˆÏö ôˆÏÓ˚ Ä ˆåÈˆÏí˛¸ !òˆÏÎ˚ §%Ó˚ §,!‹T Ü˛Ó˚ˆÏåÈö– ~!ê˛ Ü˛ï˛Ü˛ê˛y ôö%ˆÏÜ˛Ó˚ ê˛ÇÜ˛yÓ˚ ˆòÄÎ˚yÓ˚

üï˛– ~•z ôÓ˚ˆÏöÓ˚ ï˛yˆÏÓ˚ ê˛ÇÜ˛yÓ˚ §%Ó˚ §,!‹T Ü˛Ó˚yÓ˚ ÎˆÏsfÓ˚ üˆÏôƒ !àê˛yÓ˚Ä ˛õˆÏí˛¸– °«˛ƒ Ü˛ˆÏÓ˚ ˆòáˆÏÓöñ !àê˛yˆÏÓ˚ ˆÎ

åÈÎ˚!ê˛ ï˛yÓ˚ xyˆÏåÈñ ˆ§=!°Ó˚ ≤ÃfliˆÏFåÈò !Ó!û˛ß¨– xyÓyÓ˚ Óyí˛zˆÏ°Ó˚ ~Ü˛ï˛yÓ˚yÎ˚ ï˛yÓ˚ ~Ü˛!ê˛ ÌyÜ˛ˆÏ°Ä ï˛yÓ˚ ê˛yö

Ü˛ü Óy ˆÓ!¢ Ü˛Ó˚y ÎyÎ˚– ~åÈyí˛¸y xyÓ˚Ä ~Ü˛Ó˚Ü˛ˆÏüÓ˚ ê˛yöy ï˛yˆÏÓ˚Ó˚ ÓyòƒÎsf xyˆÏåÈ– ˆÜ˛yöÄ ˆÓ•y°yÓyòÜ˛ Îáö

ˆÓ•y°yÎ˚ §%Ó˚ §,!‹T Ü˛ˆÏÓ˚ö ï˛áöñ !ï˛!ö ï˛yˆÏÓ˚ xyâyï˛ Ü˛ˆÏÓ˚ö öy Óy ï˛yÓ˚ ˆê˛ˆÏöÄ §%Ó˚ §,!‹T Ü˛ˆÏÓ˚ö öy– !ï˛!ö

§%Ó˚ §,!‹T Ü˛ˆÏÓ˚ö ï˛yˆÏÓ˚Ó˚ Ä˛õÓ˚ ~Ü˛!ê˛ åÈí˛¸ ˆê˛ˆÏö– Ü˛yˆÏç•z xyüÓ˚y ˆòáˆÏï˛ ˛õy!FåÈ ˆÎñ !Ó!û˛ß¨ í˛z˛õyˆÏÎ˚ ê˛yöy ï˛yˆÏÓ˚

flõ®ö §,!‹T Ü˛Ó˚y ÎyÎ˚– ~•z ~Ü˛ˆÏÜ˛ ˆ§•z !Ó!û˛ß¨ í˛z˛õyÎ˚=!° !öˆÏÎ˚ xyüÓ˚y !ÓhflÏy!Ó˚ï˛ ï˛y!_¥Ü˛ xyˆÏ°yã˛öy Ü˛Ó˚Ó–

í˛zˆÏj¢ƒ ≠í˛zˆÏj¢ƒ ≠í˛zˆÏj¢ƒ ≠í˛zˆÏj¢ƒ ≠í˛zˆÏj¢ƒ ≠

~•z ~Ü˛Ü˛!ê˛ xy˛õöyˆÏÜ˛ ê˛yöy ï˛yˆÏÓ˚Ó˚ Ü˛¡õö §¡∫ˆÏ¶˛ xˆÏöÜ˛ê˛y•z çyöˆÏï˛ §y•yÎƒ Ü˛Ó˚ˆÏÓ– ~!ê˛ ˛õí˛¸ˆÏ° xy˛õ!ö

ˆÎ §Ó Ü˛yç Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓö ˆ§=!° •° ≠
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 ê˛yöy ï˛yˆÏÓ˚ xö%≤Ãfli ï˛Ó˚ˆÏDÓ˚ §ü#Ü˛Ó˚î ≤Ã!ï˛¤˛y Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓö–

 ê˛yöy ï˛yˆÏÓ˚Ó˚ §#üy¢ï≈˛=!° ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ï˛Ó˚D §ü#Ü˛Ó˚ˆÏîÓ˚ §yôyÓ˚î §üyôyö !öî≈Î˚ Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓö–

 Ü˛¡õö¢#° ê˛yöy ï˛yˆÏÓ˚Ó˚ à!ï˛¢!_´ Ä !fli!ï˛¢!_´Ó˚ Ó˚y!¢üy°y !öî≈Î˚ Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓö–

 Ü˛!£Ï≈ï˛ñ xy•ï˛ Ä åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ ˆ«˛ˆÏe xö%≤Ãfli ï˛Ó˚ˆÏDÓ˚ §üÎ˚ÈÙÈ§Ó˚î §ü#Ü˛Ó˚î=!° ≤Ã!ï˛!¤˛ï˛ Ü˛Ó˚ˆÏï˛

˛õyÓ˚ˆÏÓö ~ÓÇ ˆ§=!°Ó˚ §y•yˆÏÎƒ ~•z !ï˛ö ˆ«˛ˆÏe Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ=!° !ã˛!•´ï˛ Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓö–

~=!° åÈyí˛¸yÄ ~•z ~Ü˛Ü˛!ê˛ ˛õí˛¸yÓ˚ ˛õÓ˚ xy˛õ!ö öyöy!Óô ï˛yˆÏÓ˚Ó˚ ÓyòƒÎˆÏsfÓ˚ àë˛ö Ä ¢∑˜ÏÓ!¢‹Tƒ §¡∫ˆÏ¶˛

xhsˇò≈,!‹T °yû˛ Ü˛Ó˚ˆÏÓö ~ÓÇ ˆ§=!° §¡∫ˆÏ¶˛ Ó%!é˛ˆÏÎ˚ Ó°yÓ˚ «˛üï˛y xç≈ö Ü˛Ó˚ˆÏÓö–

9.2 ê˛yöy ï˛yÓ˚ê˛yöy ï˛yÓ˚ê˛yöy ï˛yÓ˚ê˛yöy ï˛yÓ˚ê˛yöy ï˛yÓ˚

üˆÏö Ü˛Ó˚y ÎyÜ˛ñ ~Ü˛!ê˛ §%£Ïü ~ÓÇ §¡õ)î≈ öüö#Î˚ ï˛yÓ˚ ~üöû˛yˆÏÓ ê˛yö !òˆÏÎ˚ Ó˚yáy xyˆÏåÈ ÎyˆÏï˛ ï˛yÓ˚ ê˛yö

§Ó§üÎ˚•z T ÌyˆÏÜ˛– ï˛yˆÏÓ˚Ó˚ ò%•z≤Ãyhsˇ ~üöû˛yˆÏÓ xyê˛Ü˛yˆÏöy xyˆÏåÈ ˆÎñ ˆ§áyˆÏö ï˛yˆÏÓ˚Ó˚ ˆÜ˛yöÄ §Ó˚î §Ω˛Ó

öÎ˚ S!ã˛e 9.1V– ~ÓyÓ˚ ôÓ˚&öñ ï˛yÓ˚!ê˛ˆÏÜ˛ xö%≤Ãfliû˛yˆÏÓ xyˆÏ®y!°ï˛ Ü˛Ó˚y •° ÎyˆÏï˛ §ü@ˇÃ ï˛yÓ˚!ê˛ ~Ü˛ §üï˛ˆÏ°

ÌyˆÏÜ˛–

!ã˛e 9.1-AB xyê˛Ü˛yˆÏöy !fliÓ˚ ≤Ãyhsˇ !ã˛e 9.2-ï˛yˆÏÓ˚Ó˚ x!ï˛«%˛o xÇˆÏ¢Ó˚ ò%•z ≤ÃyˆÏhsˇ

ï˛yˆÏÓ˚Ó˚ ~Ü˛!ê˛ §üï˛ˆÏ° §#!üï˛ xyˆÏ®y°ö !e´Î˚y¢#° ê˛yö

Ü˛¡õöÓ˚ï˛ ï˛yˆÏÓ˚Ó˚ ~Ü˛!ê˛ x!ï˛«%˛o xÇ¢ PQ !ã˛e 9.2 ÈÙÙÙÈˆï˛ ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ– ï˛yˆÏÓ˚Ó˚ ê˛yö ˜òâ≈ƒ ÓÓ˚yÓÓ˚

!e´Î˚y¢#°ñ §%ï˛Ó˚yÇ Óe´yÓfliyÎ˚ ˆÎ ˆÜ˛yöÄ !Ó®%ˆÏï˛ x!B˛ï  flõ¢≈Ü˛ ê˛yˆÏöÓ˚ !òÜ˛ !öˆÏò≈¢ Ü˛ˆÏÓ˚ xÌ≈yÍ P ≤ÃyˆÏhsˇ

ê˛yˆÏöÓ˚ !òÜ˛ PP' ~ÓÇ Q ≤ÃyˆÏhsˇ QQ'– ï˛yˆÏÓ˚Ó˚ §yüƒyÓfliy AB ÓÓ˚yÓÓ˚ X x«˛ ~ÓÇ §Ó˚ˆÏîÓ˚ !òÜ˛ ÓÓ˚yÓÓ˚

Y x«˛ ôˆÏÓ˚ !öˆÏÎ˚ P Ä Q !Ó®%ˆÏï˛ ê˛yö ò%!ê˛Ó˚ í˛z˛õyÇ¢ !öî≈Î˚ Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚– xyüÓ˚y ôˆÏÓ˚ ˆöÓ ˆÎñ ï˛yÓ˚!ê˛ˆÏÜ˛

§yüƒyÓfliy ˆÌˆÏÜ˛ á%Ó x“ ˛õ!Ó˚üyˆÏî•z ê˛yöy •ˆÏÎ˚ˆÏåÈ ÎyÓ˚ çöƒ PP' Ä QQ'  flõ¢≈Ü˛=!° AB ~Ó˚ §ˆÏD á%Ó•z
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«%˛o ˆÜ˛yî Ó˚ã˛öy Ü˛ˆÏÓ˚– ~Ü˛•z Ü˛yÓ˚ˆÏî P Ä Q !Ó®% ò%!ê˛Ó˚ x fliyöyB˛ Î!ò ÎÌye´ˆÏü x ~ÓÇ x + xδ •Î˚ñ ï˛ˆÏÓ

PQ ˜òâ≈ƒ!ê˛ 

x δ

~Ó˚ §üyö ôˆÏÓ˚ ˆöÄÎ˚y ÎyÎ˚–

~áö PP' ÓÓ˚yÓÓ˚ ê˛yˆÏöÓ˚ X í˛z˛õyÇ¢ = – Tcos

θ

  – T

~ÓÇ                               Y í˛z˛õyÇ¢ = – Tsin

θ

  – Ttan

θ

 = – T 

P

y
x

∂⎛⎞
⎜⎟ ∂ ⎝⎠

~áyˆÏö 

θ

ˆÜ˛yˆÏîÓ˚ üyö «%˛o ÓˆÏ° cos

θ

 ˆÜ˛ 1 ~Ó˚ §üyö ~ÓÇ sin

θ

 ˆÜ˛ tan

θ

 ~Ó˚ §üyö ôÓ˚y •ˆÏÎ˚ˆÏåÈ–

~Ü˛•zû˛yˆÏÓ 

θ

 + d

θ

 ˆÜ˛yî x!ï˛ «%˛o ôˆÏÓ˚ !öˆÏÎ˚

QQ' ÓÓ˚yÓÓ˚ ê˛yˆÏöÓ˚ X í˛z˛õyÇ¢ = T cos (

θ

 + d

θ

) = T

                             Y  í˛z˛õyÇ¢ = T sin (

θ

 + d

θ

) = T tan (

θ

 + d

θ

)

                                            = T 

2

2·
Qpp

yyy Tx
xxx

δ
⎛⎞ ∂∂∂ ⎛⎞⎛⎞ =+⎜⎟ ⎜⎟⎜⎟⎜⎟ ∂∂∂ ⎝⎠⎝⎠⎝⎠

xï˛~Óñ PQ ~Ó˚ í˛z˛õÓ˚ Ü˛yÎ≈Ü˛Ó˚# °!∏˛ ÓˆÏ°Ó˚ X í˛z˛õyÇ¢ = –T + T= 0, xÌ≈yÍ x x«˛ ÓÓ˚yÓÓ˚ ˆÜ˛yöÄ

xö%˜Ïòâ≈ƒ Ó° ˆö•z–

Y í˛z˛õyÇ¢ = T
2

2
Q p

y y yT x
x x x

δ
⎛ ⎞∂ ∂ ∂⎛ ⎞ ⎛ ⎞− = ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠

xyüÓ˚y xyˆÏà•z ˆòˆÏá!åÈñ PQ xÇ¢!ê˛Ó˚ ˜òâ≈ƒ δx– ï˛yÓ˚!ê˛Ó˚ ~Ü˛Ü˛ ˜òˆÏâ≈ƒÓ˚ û˛Ó˚ ρ  •ˆÏ° ˆ§!ê˛Ó˚ δx ˜ò Ï̂â≈ƒÓ˚

û˛Ó˚ •ˆÏÓ 

ρδx
– ~áö !öí˛zê˛ˆÏöÓ˚ àï˛#Î˚ §ü#Ü˛Ó˚î xö%ÎyÎ˚#

22

22
yy xTx
tx

ρδδ ∂∂ =
∂∂

            (

ρ

 = ï˛yÓ˚!ê˛Ó˚ ~Ü˛Ü˛ ˜òˆÏâ≈ƒÓ˚ û˛Ó˚V

xÌÓyñ 

222
2

222
yTyy c
txx ρ

∂∂∂ ==
∂∂∂

                      

T c
ρ

⎛⎞
= ⎜⎟ ⎜⎟ ⎝⎠

...9.1

9.1 §ü#Ü˛Ó˚ˆÏîÓ˚ ˆã˛•yÓ˚y!ê˛ •Î˚ï˛ xy˛õöyÓ˚ Ü˛yˆÏåÈ ˛õ!Ó˚!ã˛ï˛– ~!ê˛ ~üö ~Ü˛!ê˛ ï˛Ó˚ˆÏDÓ˚ §ü#Ü˛Ó˚î ÎyÓ˚ x x«˛

ÓÓ˚yÓÓ˚ ˆÓà c – §ü#Ü˛Ó˚î!ê˛ ˆÌˆÏÜ˛ ˆÓyé˛y ÎyˆÏFåÈ ˆÎñ ê˛yöy ï˛yˆÏÓ˚ xö%≤Ãfli ï˛Ó˚ˆÏDÓ˚ ˆÓà c = 

T
ρ

– ~•z §ü#Ü˛Ó˚î

ˆÌˆÏÜ˛ ˆòáy ÎyˆÏFåÈ ˆÎñ ï˛yˆÏÓ˚Ó˚ ˆÜ˛yöÄ !ö!ò≈‹T !Ó®%ˆÏï˛ §Ó˚î y !öû≈˛Ó˚ Ü˛ˆÏÓ˚ §üÎ˚ t ~ÓÇ !Ó®%!ê˛Ó˚ fliyöyB˛ x

~Ó˚ í˛z˛õÓ˚– ~áö xyüyˆÏòÓ˚ 9.1 §ü#Ü˛Ó˚î!ê˛Ó˚ §üyôyö ÓyÓ˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– !Ü˛v §ü#Ü˛Ó˚î!ê˛ˆÏï˛ x Ä t ~•z ò%•z

ã˛°Ó˚y!¢ ~Ü˛e ÌyÜ˛yÎ˚ xyüyˆÏòÓ˚ ~ ò%!ê˛ˆÏÜ˛ xy°yòy Ü˛Ó˚yÓ˚ ˆã˛‹Ty Ü˛Ó˚ˆÏï˛ •ˆÏÓ– ôÓ˚y ÎyÜ˛ñ §Ó˚î y ò%!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚

=îú˛°ñ ÎyˆÏòÓ˚ ~Ü˛!ê˛ x ~ÓÇ xöƒ!ê˛ t-~Ó˚ í˛z˛õÓ˚ !öû≈˛Ó˚¢#°– ˆ§ˆÏ«˛ˆÏe xyüÓ˚y !°áˆÏï˛ ˛õy!Ó˚ñ

y(x, t) = X(x)·T(t) ...9.2



240

9.2 Ó˚y!¢!ê˛ˆÏÜ˛ ~ÓyÓ˚ 9.1 §ü#Ü˛Ó˚ˆÏî Ó§yˆÏöy ÎyÜ˛– ˆÎˆÏ•ï%˛

2

22 · yT X
tt

2 ∂∂ =
∂∂

~ÓÇ 

2

22
yX
xx

2 ∂∂ =
∂∂

·T SˆÜ˛ööy X xˆÏ˛õ«˛Ü˛!ê˛ t ~Ó˚ í˛z˛õÓ˚ ~ÓÇ T xˆÏ˛õ«˛Ü˛!ê˛ x ~Ó˚ í˛z˛õÓ˚ !öû≈˛Ó˚ Ü˛ˆÏÓ˚

öy–V

9.1 §ü#Ü˛Ó˚îˆÏÜ˛ ˆ°áy ÎyÎ˚ñ

2

222
1·TX X
ctx

2 ∂∂ =
∂∂

· T

xÌÓy í˛zû˛Î˚ !òˆÏÜ˛ X T !òˆÏÎ˚ û˛yà Ü˛ˆÏÓ˚ 

2

222
1112 ∂∂

=
∂∂

TX
TX ctx

...9.3

9.3 §ü#Ü˛Ó˚î!ê˛ °«˛ƒ Ü˛Ó˚ˆÏ° Ó%é˛ˆÏï˛ ˛õyÓ˚ˆÏÓö ˆÎñ ~Ó˚ Óyü!òˆÏÜ˛ ˆÜ˛ÏÓ°üye t-~Ó˚ í˛z˛õÓ˚ ~ÓÇ í˛yö!òˆÏÜ˛

ˆÜ˛Ó°üye x-~Ó˚ í˛z˛õÓ˚ !öû≈˛Ó˚¢#°– ~ xÓfliyÎ˚ í˛zû˛Î˚ !òÜ˛ˆÏÜ˛•z ô &ÓÜ˛ •ˆÏï˛ •ˆÏÓ– ôÓ˚y ÎyÜ˛ñ ~•z ô &ÓÜ˛!ê˛ •°

ÈÙÈ p2– ày!î!ï˛Ü˛ §%!ÓôyÓ˚ çöƒ xyüÓ˚y ~áyˆÏö ~Ü˛!ê˛ ˆöˆÏà!ê˛û˛ Óà≈ Ó˚y!¢ !ö°yü– 9.3 §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ ~áö

xyüÓ˚y x Ä t - ~Ó˚ ò%!ê˛ ˛õ,ÌÜ˛ §ü#Ü˛Ó˚î ˛õy•z≠

2

2
T
t

∂
∂

+ p2c2T = 0 ...9.4(a)

~ÓÇ

2

2
X
x

∂
∂

+ p2X = 0 ...9.4(b)

~Ó˚ üˆÏôƒ ≤ÃÌü!ê˛ñ xÌ≈yÍ 9.4(a) §ü#Ü˛Ó˚ˆÏîÓ˚ ~Ü˛!ê˛ §Ω˛Ó˛õÓ˚ §üyôyö cos pct ~Ó˚ §üyö%˛õyï˛# ôÓ˚y ˆÎˆÏï˛

˛õyˆÏÓ˚– §ü#Ü˛Ó˚î 9.4(b) ~Ó˚ §yôyÓ˚î §üyôyö •° X = A1sin px + A2cos px

§%ï˛Ó˚yÇñ 9.1 §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyö≠

 y(x, t) = X(x)·T(t) = (A1 sin px + A2 cos px) cos pct

~áyˆÏö A1 Ä A2 ò%!ê˛ x!ö!ò≈‹T ô &ÓÜ˛–

!Ü˛v xyüÓ˚y 9.4(a) §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyö sin pct  ~Ó˚ §üyö%˛õyï˛# !•§yˆÏÓÄ ôÓ˚ˆÏï˛ ˛õy!Ó˚ ~ÓÇ ˆ§ˆÏ«˛ˆÏe

9.1 §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyö •ˆÏÓ ≠

y(x, t) = X(x)·T(t) = (B
1
 sin px + B

2
 cos px) sin pct

ˆÎáyˆÏö B
1
 Ä B

2
 ò%!ê˛ xöƒ x!ö!ò≈‹T ô &ÓÜ˛– ~áö 9.1 §ü#Ü˛Ó˚ˆÏîÓ˚ ò%!ê˛ §üyôyö ˆÎyà Ü˛ˆÏÓ˚ §yôyÓ˚î §üyôyö

˛õyÄÎ˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚ ≠
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y(x, t) = (A
1
 sin px + A

2
 cos px) cos pct + (B

1
 sin px + B

2
 cos px) sin pct ...9.5

ê˛yöy ï˛yˆÏÓ˚Ó˚ §#üy¢ï≈˛ ≠ê˛yöy ï˛yˆÏÓ˚Ó˚ §#üy¢ï≈˛ ≠ê˛yöy ï˛yˆÏÓ˚Ó˚ §#üy¢ï≈˛ ≠ê˛yöy ï˛yˆÏÓ˚Ó˚ §#üy¢ï≈˛ ≠ê˛yöy ï˛yˆÏÓ˚Ó˚ §#üy¢ï≈˛ ≠

xy˛õ!ö °«˛ƒ Ü˛ˆÏÓ˚ˆÏåÈö ˆÎñ 9.5  §ü#Ü˛Ó˚ˆÏî A1, A2, B1 Ä B2 ~•z ã˛yÓ˚!ê˛ x!ö!ò≈‹T ô &ÓÜ˛ Ó˚ˆÏÎ˚ˆÏåÈ– ï˛yˆÏÓ˚Ó˚

§#üy¢ï≈˛=!°Ó˚ §y•yˆÏÎƒ xy˛õ!ö ~•z ô &ÓÜ˛=!°Ó˚ üyö ÓyÓ˚ Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓö– ≤ÃÌˆÏü•z °«˛ƒ Ü˛Ó˚&öñ ï˛yˆÏÓ˚Ó˚

ò%•z ≤Ãyhsˇ xÌ≈yÍ x = 0 ~ÓÇ x = l !Ó®% ò%•z!ê˛ˆÏï˛ §Ó §üˆÏÎ˚•z y = 0– ~áyˆÏö l = ï˛yˆÏÓ˚Ó˚ ˜òâ≈ƒ– 9.5 §ü#Ü˛Ó˚ˆÏî

~•z §#üy¢ï≈˛=!° xyˆÏÓ˚y˛õ Ü˛Ó˚y ÎyÜ˛–

(i) ≤ÃÌü!ê˛ SxÌ≈yÍ x = 0 •ˆÏ° y = 0) ˆÌˆÏÜ˛ ≠

A
2
 cos pct + B

2
 sin pct  = 0

Î!ò ~•z §¡õÜ≈˛!ê˛ t-~Ó˚ §Ó üyˆÏö•z §ï˛ƒ •Î˚ ï˛ˆÏÓ A2 = B2 = 0– §%ï˛Ó˚yÇñ 9.5 §ü#Ü˛Ó˚ˆÏîÓ˚ §Ó˚°#Ü,˛ï˛

Ó˚*˛õ •° ≠

y(x, t) = (A
1
 cos pct + B

1
 sin pct) sin px ...9.6 (a)

(ii) ~ÓyÓ˚ !mï˛#Î˚!ê˛ñ SxÌ≈yÍ x = l • Ï̂° y = 0) ˆÌ Ï̂Ü˛

(A1 cos pct + B1 sin pct) sin pl = 0

~•z §¡õÜ≈˛!ê˛ t ~Ó˚ §Ó üyˆÏöÓ˚ çöƒ §ï˛ƒ •ˆÏ° sin pl = 0 Óy pl = s

π

, ˆÎáyˆÏö s = ˛õ)î≈ §Çáƒy– §%ï˛Ó˚yÇ

p ~Ó˚ çyÎ˚àyÎ˚ 

s
l
π

ˆ°áy ˆÎˆÏï˛ ˛õyˆÏÓ˚– 9.6 (a) §ü#Ü˛Ó˚î!ê˛ ~ÓyÓ˚ ~û˛yˆÏÓ ˆ°áy ÎyÎ˚ ≠

y(x, t) = 
11 cossinsin sctsctsx AB

lll
πππ ⎛⎞ + ⎜⎟ ⎝⎠

...9.6(b)

ˆÎˆÏ•ï%˛ s = 0, 1, 2, 3 ≤Ãû,˛!ï˛ s ~Ó˚ §Ó üyˆÏöÓ˚ çöƒ•z 9.6(b) §üyôyö!ê˛ áyˆÏê˛ñ ~•z §üyôyö=!°Ó˚

ˆÎyàú˛°!ê˛ §ÓˆÏã˛ˆÏÎ˚ §yôyÓ˚î §üyôyö •ˆÏÓ– Ü˛yˆÏç•z 9.1 §ü#Ü˛Ó˚ˆÏîÓ˚ §yôyÓ˚î §üyôyö •° ≠

y (x, t ) = 
1

cos sin sin
∞

=

⎛ ⎞+⎜ ⎟⎝ ⎠∑ s s
s

s ct s ct s xA B
l l l

π π π
...9.7

í˛z˛õˆÏÓ˚Ó˚ §ü#Ü˛Ó˚î!ê˛Ó˚ Ó˚*˛õ ˆÌˆÏÜ˛ xy˛õ!ö Ó%é˛ˆÏï˛ ˛õyÓ˚ˆÏÓö ˆÎñ x !öû˛≈Ó˚ ~ÓÇ t !öû≈˛Ó˚ ˛õÎ≈yÓ,_ Ó˚y!¢=!°

xy°yòy í˛zÍ˛õyòÜ˛ !•§yˆÏÓ Ó˚ˆÏÎ˚ˆÏåÈñ xÌ≈yÍ ~!ê˛ xö%≤Ãfli fliyî%ï˛Ó˚D !öˆÏò≈§ Ü˛ˆÏÓ˚ˆÏåÈ– s ˛õ)î≈ §Çáƒy!ê˛ Ü˛¡õˆÏöÓ˚

!Ó!û˛ß¨ ôÓ˚öˆÏÜ˛ ˆÓyé˛yÎ˚– ü)°§%ˆÏÓ˚Ó˚ çöƒ s = 1, !mï˛#Î˚ §üˆÏüˆÏ°Ó˚ çöƒ s = 2 •zï˛ƒy!ò ~ÓÇ 9.7 §ü#Ü˛Ó˚ˆÏîÓ˚

í˛yö!òˆÏÜ˛Ó˚ Ó˚y!¢üy°yÎ˚ ~Ó˚Ü˛ü x§Çáƒ §üˆÏüˆÏ°Ó˚ çöƒ §Ó˚î ˆÎyà •ˆÏÎ˚ˆÏåÈ– ˆÎ ˆÜ˛yöÄ ~Ü˛!ê˛ §üˆÏüˆÏ°Ó˚

çöƒ ˆÜ˛Ô!îÜ˛ Ü˛¡õyB˛

sc
l
π

, xÌ≈yÍ Ü˛¡õyB˛ ó

1·
22

= scsc
ll
π

π

– §%ï˛Ó˚yÇñ §üˆÏü°=!°Ó˚ §¡õyˆÏB˛Ó˚ xö%˛õyï˛

1 : 2 : 3.... •zï˛ƒy!ò–
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9.2.1 xö%≤Ãfliû˛yˆÏÓ Ü˛!¡õï˛ ï˛yˆÏÓ˚Ó˚ ¢!_´ !öî≈Î˚xö%≤Ãfliû˛yˆÏÓ Ü˛!¡õï˛ ï˛yˆÏÓ˚Ó˚ ¢!_´ !öî≈Î˚xö%≤Ãfliû˛yˆÏÓ Ü˛!¡õï˛ ï˛yˆÏÓ˚Ó˚ ¢!_´ !öî≈Î˚xö%≤Ãfliû˛yˆÏÓ Ü˛!¡õï˛ ï˛yˆÏÓ˚Ó˚ ¢!_´ !öî≈Î˚xö%≤Ãfliû˛yˆÏÓ Ü˛!¡õï˛ ï˛yˆÏÓ˚Ó˚ ¢!_´ !öî≈Î˚

xyüÓ˚y 9.7 §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ ˆòˆÏá!åÈ ˆÎñ ~Ü˛!ê˛ Ü˛!¡õï˛ ï˛yˆÏÓ˚Ó˚ ˆÎ ˆÜ˛yö !Ó®% x - ~ t §üˆÏÎ˚ §Ó˚î •ˆÏFåÈ

y = 
1

sin cos sin
∞

=

⎛ ⎞+⎜ ⎟⎝ ⎠∑ s s
s

s x s ct s ctA B
l l l
π π π

= ( )
1

sins
s

s xy t
l
π∞

=
∑ ...9.8

SˆÎáyˆÏö y, (t) = Ascos
s ct

l
π

+ Bssin 

sct
l
π

)

xï˛~Óñ 

()
1

sin·s
s

dysxyt
dtl

π ∞

=

=∑

= 
1

sin sin coss s
s

s x s c s ct s ctA B
l l l l
π π π π∞

=

⎛ ⎞− +⎜ ⎟⎝ ⎠∑ ...9.9

ï˛yˆÏÓ˚Ó˚ «%˛o xÇ¢ dx ~Ó˚ û˛Ó˚ pdx ~ÓÇ ï˛yÓ˚ à!ï˛¢˘!_´

= 
1
2 pdx 

2 dy
dt

⎛⎞
⎜⎟ ⎝⎠

(
ρ

 = ≤Ã!ï˛ ~Ü˛Ü˛ ˜òˆÏâ≈ƒ ï˛yˆÏÓ˚Ó˚ û˛Ó˚V

§%ï˛Ó˚yÇñ l ˜òˆÏâ≈ƒÓ˚ ï˛yˆÏÓ˚Ó˚ à!ï˛¢!_´ T = 

0

2

2
ldydx

dt
ρ⎛⎞ ∫⎜⎟ ⎝⎠

= ( )
0

2

sin
2

l

s
s

s x y t dx
l

ρ π⎡ ⎤
∫ ⎢ ⎥

⎢ ⎥⎣ ⎦
∑ ...9.10

~•z §üyôyö!ê˛Ó˚ üˆÏôƒ ˆÎ Óà≈Ó˚y!¢!ê˛ Ó˚ˆÏÎ˚ˆÏåÈ ˆ§!ê˛ xy˛õ!ö ~•zû˛yˆÏÓ !°áˆÏï˛ ˛õyˆÏÓ˚ö ≠

( ) ( )sin sins n
s n

s x n xy t y t
l l
π π⎡ ⎤ ⎡ ⎤

⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
∑ ∑

2 2sin ( ) sin sin ( ) ( )
≠

= +∑ ∑ ∑ s s
s s n

s x s x n xy t y t y t dxl l l
π π π

~áyˆÏö ≤ÃÌü Ó˚y!¢üy°y!ê˛ ˆÎ =îú˛° Ó˚y!¢Ó˚ çöƒ s = n ~ÓÇ !mï˛#Î˚!ê˛ ˆÎ=!°Ó˚ çöƒ s

≠

n, ˆ§=!°

ˆÓyé˛yˆÏFåÈ– ~áö 9.10 §üyÜ˛°ö!ê˛ˆÏÜ˛ ˆ°áy ÎyÎ˚ ≠
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T = 

()() 2 2

00
sinsinsin()

22

ll
sn

ssn

sxsxsx ytdxytytdx
lll

ρπρππ

≠

+∑ ∑∑ ∫∫

!Ü˛v xy˛õ!ö çyˆÏöö ˆÎñ 
0

sin sin
l m x n x dx

l l
π π∫  - ~Ó˚ üyö m 

≠

n •ˆÏ° ¢)öƒ •ˆÏÓ– §%ï˛Ó˚yÇ í˛z˛õˆÏÓ˚Ó˚

Ó˚y!¢üy°yÓ˚ !mï˛#Î˚ §ü#Ü˛°ö!ê˛ ¢)öƒ •ˆÏÓ– Ü˛yˆÏç•z ï˛yˆÏÓ˚ à!ï˛¢!_´ •ˆÏÓ ≠

2
22222

0
sinsincos2cossin

2

l
ssss

s

sxscsctsctsctsct dxABAB
llllll

ρππππππ ⎛⎞⎛ =+− ⎜⎟⎜ ⎝⎠⎝ ∑∫

= 
2

2 2 2 2sin cos 2 cos sin
4 s s s s
l s c s ct s ct s ct s ctA B A B

l l l l l
ρ π π π π π⎛ ⎞ ⎛ ⎞∑ + −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

  ...9.11

ˆÜ˛ööy

2

0

1 sin
2

lsxdx
l
π= ∫

–

!fli!ï˛¢!_´ ≠ !fli!ï˛¢!_´ ≠ !fli!ï˛¢!_´ ≠ !fli!ï˛¢!_´ ≠ !fli!ï˛¢!_´ ≠ ~ÓyÓ˚ xyüÓ˚y §yüƒyÓfliy ˆÌˆÏÜ˛ §ˆÏÓ˚ ÌyÜ˛y xÓfliyÎ˚ ï˛yÓ˚!ê˛Ó˚ !fli!ï˛¢!_´ !öî≈Î˚ Ü˛Ó˚Ó– §ÇK˛y

xö%ÎyÎ˚# ˆÜ˛yöÄ Ó›Ó˚ !fli!ï˛¢!_´

= Ó›!ê˛Ó˚ xÓfliyö ˛õ!Ó˚Óï≈˛ö Ü˛Ó˚yÓ˚ çöƒ Ü,˛ï˛Ü˛yÎ≈

= ≤ÃÎ%_´ Ó° Ä Ó° ≤ÃˆÏÎ˚yˆÏàÓ˚ ú˛ˆÏ° §Ó˚ˆÏîÓ˚ =îú˛ˆÏ°ÏÓ˚ §üyÜ˛!°ï˛ üyö–

9.1 §ü#Ü˛Ó˚î!ê˛ ≤Ã!ï˛¤˛y Ü˛Ó˚yÓ˚ §üÎ˚ xyüÓ˚y ˆòˆÏá!åÈ ˆÎñ ï˛yˆÏÓ˚Ó˚ x!ï˛ «%˛o xÇ¢ 

δx

~Ó˚ Ä˛õˆÏÓ˚ °!∏˛ Ó°

Y x«˛ ÓÓ˚yÓÓ˚ Ü˛yç Ü˛ˆÏÓ˚ ~ÓÇ ï˛yÓ˚ üyö T 

2

2
yx
x

δ ∂
∂

– ~áö Î!ò §Ó˚î 

y δ

˛õ!Ó˚üyî Óyí˛¸ˆÏöy •Î˚ñ ï˛yÓ˚ çöƒ

Ü,˛ï˛Ü˛yÎ≈ •ˆÏÓ ≠ ÈÙÙÙÈT 

2

2
yxy
x

δδ ∂
∂

– §ü@ˇÃ ï˛yˆÏÓ˚Ó˚ çöƒ Ü,˛ï˛Ü˛yÎ≈ ~ÓÇ ˆ§ˆÏ•ï%˛ !fli!ï˛¢!_´Ó˚ Ó,!k˛ ≠

2

2 0
δV = δ

ly Tydx
x

∂ −
∂ ∫

~áyˆÏö δy •ˆÏÓ x ~Ó˚ xˆÏ˛õ«˛Ü˛– !ÓˆÏ¢£Ïï˛ §#üy¢ˆÏï≈˛Ó˚ çöƒ ò%•z ≤ÃyˆÏhsˇ 

δy

 ~Ó˚ üyö ¢)öƒ •ˆÏï˛  •ˆÏÓ– í˛z˛õˆÏÓ˚Ó˚

§ü#Ü˛Ó˚îˆÏÜ˛ xyÇ!¢Ü˛ §üyÜ˛° Ü˛Ó˚ˆÏ° ˛õyÄÎ˚y ÎyÎ˚

()
0

δVδ|δ
0

l l yy TyTydx
xxx

∂∂∂ =−+
∂∂∂ ∫

§üyÜ˛!°ï˛ ≤ÃÌü xÇ¢!ê˛ í˛zû˛Î˚ §#üyˆÏï˛•z ¢)öƒ Ü˛yÓ˚î δy ~Ó˚ üyö ~•z ò%•z !Ó®%ˆÏï˛ ¢)öƒ– xï˛~Óñ
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0
δVδ

lyy Tdx
xx
∂∂ ⎛⎞⎛⎞ =⎜⎟⎜⎟ ∂∂ ⎝⎠⎝⎠ ∫

§¡õ)î≈ !fli!ï˛¢!_´ •ˆÏÓ §yüƒyÓfliy SÎáö ï˛yˆÏÓ˚Ó˚ §Ó≈e•z y = 0 ~ÓÇ 
y
x

∂
∂  = 0) ˆÌˆÏÜ˛ 

y
x
∂
∂

 ~Ó˚ ~Ü˛!ê˛

!ö!ò≈‹T üyˆÏö xyöyÓ˚ çöƒ Ü,˛ï˛Ü˛yÎ≈– xÌ≈yÍñ

V = 

0
0

δ

x
xl

y
x

yy Tdx
xx

∂
∂

∂=
∂

∂∂ ⎛⎞⎛⎞
⎜⎟⎜⎟ ∂∂ ⎝⎠⎝⎠ ∫∫

= 
2

0

1
2

l yT dx
x

∂⎛ ⎞
⎜ ⎟∂⎝ ⎠∫ ...9.12

9.8 öÇ §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ xyüÓ˚y ˆ˛õˆÏÎ˚!åÈñ

( )sins
s

s xy y t
l
π= ∑

∴

() coss
s

dyssxyt
dxll

ππ =∑xï˛~Óñ §ü@ˇÃ ï˛yˆÏÓ˚Ó˚ !fli!ï˛¢!_´ ≠

= 
2

2

0
cos sin cos

2
⎛ ⎞⎛ ⎞+ ×⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠∑ ∫

l
s s

s

T s s ct s ct s xA B dx
l l l l
π π π π

ˆÎˆÏ•ï%˛ ê˛yö T = ρc2 ~ÓÇ 

2

0

1 cos
2

lsxdx
l
π= ∫

xyüÓ˚y !°áˆÏï˛ ˛õy!Ó˚ñ §ü@ˇÃ ï˛yˆÏÓ˚Ó˚ !fli!ï˛¢!_´

2
2222 cossin2cossin

4ssss
s

lscsctsctsctsct VABAB
lllll

ρπππππ ⎛⎞⎛⎞ =++ ⎜⎟⎜⎟ ⎝⎠⎝⎠ ∑

...9.13

Ü˛¡õüyö ï˛yˆÏÓ˚Ó˚ ˆüyê˛ ¢!_´ à!ï˛¢!_´ Ä !fli!ï˛¢!_´Ó˚ ˆÎyàú˛°–

§%ï˛Ó˚yÇñ 9.11 ~ÓÇ 9.13 §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ ˆüyê˛ ¢!_´

= ( )
2

2 2 2

2 s s
s

scl A B
l

ρ π ⎛ ⎞ +⎜ ⎟⎝ ⎠∑

= ( )2 2 2 2
s s s

s

M n A Bπ +∑ ...9.14
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ˆÎáyˆÏö M = 

ρ

l = §ü@ˇÃ ï˛yˆÏÓ˚Ó˚ û˛Ó˚ ~ÓÇ 

2
sc

l

= n
s
= Ü˛¡õˆÏöÓ˚ s-ï˛ü §üˆÏüˆÏ°Ó˚ Ü˛¡õyB˛– ~ÓyÓ˚ Îy

˛õí˛¸ˆÏ°ö ï˛yÓ˚ §¡∫ˆÏ¶˛ ~Ü˛!ê˛ xö%¢#°ö#Ó˚ í˛z_Ó˚ !òö–

xö%¢#°ö# ÈÙÈ xö%¢#°ö# ÈÙÈ xö%¢#°ö# ÈÙÈ xö%¢#°ö# ÈÙÈ xö%¢#°ö# ÈÙÈ 1

ôÓ˚&öñ kg Äçö !òˆÏÎ˚ ˆê˛ˆÏö Ó˚yáy 1.1 !üê˛yÓ˚ °¡∫y 2.2gm û˛ˆÏÓ˚Ó˚ ~Ü˛!ê˛ §%£Ïü ï˛yÓ˚ ˆÜ˛Ó°üye !mï˛#Î˚

§üˆÏüˆÏ° Ü˛!¡õï˛ •ˆÏFåÈ– ï˛yÓ˚!ê˛Ó˚ §ˆÏÓù≈yFã˛ §Ó˚î 2mm ~ÓÇ t = 0 §üˆÏÎ˚ ï˛yÓ˚!ê˛Ó˚ ˆÜ˛yÌyÄ ˆÜ˛yöÄ §Ó˚î

!åÈ° öy– ˛õÓ˚Óï˛#≈ §üˆÏÎ˚ ï˛yˆÏÓ˚Ó˚ §Ó˚îÈÙÈ§üÎ˚ §¡õÜ≈˛!ê˛ !öî≈Î˚ Ü˛Ó˚&ö–

9.3 Ü˛!£Ï ≈ï˛ ï˛yÓ˚Ü˛!£Ï ≈ï˛ ï˛yÓ˚Ü˛!£Ï ≈ï˛ ï˛yÓ˚Ü˛!£Ï ≈ï˛ ï˛yÓ˚Ü˛!£Ï ≈ï˛ ï˛yÓ˚     (Plucked string)

ˆ§ï˛yÓ˚ñ !àê˛yÓ˚ ≤Ãû,˛!ï˛ ÓyòƒÎˆÏsf ï˛yÓ˚!ê˛ˆÏÜ˛ ̂ ê˛ˆÏö ôˆÏÓ˚ ̂ åÈˆÏí˛¸ ̂ òÄÎ˚y •Î˚– åÈyí˛¸yÓ˚ ̨ õ)Ó≈ ü%•)ˆÏï≈˛ ï˛yÓ˚!ê˛ˆÏï˛ ̂ Ü˛yöÄ

à!ï˛ ÌyˆÏÜ˛ öy– ~Ó˚ xyÜ,˛!ï˛ 9.3 !ã˛ˆÏe ˆòáyˆÏöy APB ~Ó˚ üï˛ •Î˚– ~•z çyï˛#Î˚ ï˛yÓ˚ˆÏÜ˛ xyüÓ˚y Ü˛!£Ï≈ï˛ ï˛yÓ˚

Ó!°–

9.1 §ü#Ü˛Ó˚ˆÏî xyüÓ˚y ˆ˛õˆÏÎ˚!åÈ xö%˜Ïòâ≈ƒû˛yˆÏÓ Ü˛!¡õï˛ ~Ü˛!ê˛ ï˛yˆÏÓ˚Ó˚ xÓÜ˛° §ü#Ü˛Ó˚î ≠

22
2

22
yy c
tx

∂∂ =
∂∂

~ÓÇ 9.7 §ü#Ü˛Ó˚î xö%ÎyÎ˚# ~!ê˛Ó˚ §üyôyö ≠

2 sincossin ⎛⎞ =+ ⎜⎟ ⎝⎠ ∑s
s

sxsctsct yAB
lll
πππ

...9.15

üˆÏö Ü˛Ó˚y ÎyÜ˛ñ ï˛yÓ˚!ê˛ˆÏÜ˛ x = a !Ó®%ˆÏï˛ ˛õyˆÏ¢Ó˚ !òˆÏÜ˛ h ò)Ó˚ˆÏc ˆê˛ˆÏö ôÓ˚y •°– ~Ó˚

!ã˛e 9.3-!Ó®%üye fliyˆÏö Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚Ó˚ ≤ÃyÌ!üÜ˛ xÓfliyö–

ú˛ˆÏ° ï˛yÓ˚!ê˛Ó˚ xyÜ,˛!ï˛ òyÑí˛¸y° ò%!ê˛ §Ó˚°ˆÏÓ˚áyñ ÎyÓ˚y Ü˛!£Ï≈ï˛ !Ó®%ˆÏï˛ !ü!°ï˛ •ˆÏFåÈ S!ã˛e 9.3 ˆòá%öV– t

= 0 §üˆÏÎ˚ Ü˛!£Ï≈ï˛ !Ó®% p ~Ó˚ y fliyöyB˛ = h.
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x = 0 ~ÓÇ x = a fliyöyˆÏB˛Ó˚ üˆÏôƒ ˆÎ ˆÜ˛yöÄ !Ó®%ˆÏï˛ ï˛yˆÏÓ˚Ó˚ xö%≤Ãfli §Ó˚î •ˆÏÓ

y0 = 
h
a x             (0 

≤

 x 

≤

 a) ...9.15(a)

xyÓyÓ˚ñ x = a Ä x = l ~Ó˚ üˆÏôƒ ˆÎÈÙÈˆÜ˛yöÄ fliyöyˆÏB˛ ï˛yˆÏÓ˚Ó˚ §Ó˚î

y0 = h

lx
la

−
−

        (a 

≤

 x 

≤

 l) ...9.15(b)

t = 0 §üˆÏÎ˚ ï˛yˆÏÓ˚Ó˚ !Ó!û˛ß¨ !Ó®%ˆÏï˛ ˆÎ ≤ÃyÌ!üÜ˛ ¢ï≈˛=!° ˛õy!°ï˛ •Î˚ ˆ§=!° •°

i) y = y
0

...9.16(a)

~ÓÇ ii) 

0 yy =

...9.16(b)

~áö xyüÓ˚y ~•z ≤ÃyÓ˚!Ω˛Ü˛ ¢ï≈˛=!°Ó˚ §y•yˆÏÎƒ 9.15 §ü#Ü˛Ó˚ˆÏîÓ˚ x!ö!ò≈‹T ô &ÓÜ˛ A
s
 Ä B

2
 ~Ó˚  üyö !öî≈Î˚

Ü˛Ó˚ˆÏï˛ ˆã˛‹Ty Ü˛Ó˚Ó– 9.15 §ü#Ü˛Ó˚ˆÏî xyüÓ˚y ˆ˛õˆÏÎ˚!åÈñ

y (x, t) = 

1

cossinsin ss
s

sctsctsx AB
lll
πππ ∞

=

⎛⎞ + ⎜⎟ ⎝⎠ ∑

~!ê˛ xy§ˆÏ° ~Ü˛!ê˛ ˛ú%˛!Ó˚ˆÏÎ˚ ˆ◊î# Fourier Series ~ÓÇ A
s
 Ä B

s
 ˛ú%˛!Ó˚ˆÏÎ˚ =îyB˛– ~•z §ü#Ü˛Ó˚î ˆÌˆÏÜ˛

t = 0 §üˆÏÎ˚ xyüÓ˚y ˛õy•z ≠

y(x, 0) = y
0
= 

1

sins
s

s xA
l
π∞

=
∑ ...9.17(a)

~ÓÇ ( ) 0
1

,0 sins
s

s c s xy x y B
l l
π π∞

=

= = ∑ ...9.17(b)

Î!ò 9.17(a) Ä (b) §ü#Ü˛Ó˚î ò%!ê˛Ó˚ í˛zû˛Î˚ !òÜ˛ˆÏÜ˛ sin
s x

l
π

dx !òˆÏÎ˚ =î Ü˛ˆÏÓ˚ö ~ÓÇ x = 0 ˆÌˆÏÜ˛ x

= l §#üyÓ˚ üˆÏôƒ §üyÜ˛°ö Ü˛ˆÏÓ˚öñ ï˛ˆÏÓ xy˛õ!ö ˛õyˆÏÓö ≠

2
0

00

1 sinsin·
2

ll
ss

sxsx ydxAdxA
ll
ππ == ∫∫

~ÓÇ 

2
0

00

1 sinsin····
22

=== ∫∫
ll

sss
sxsxscscsc ydxBdxBB

llll
πππππ

xÌ≈yÍñ 

0
0

2sin
l

s
sx Aydx

ll
π =∫

~ÓÇ 

0
0

2sin.
l

s
sx Bydx

scl
π

π
=∫

~ÓyÓ˚ 9.15(a) Ä (b) ˆÌˆÏÜ˛ y0 ~ÓÇ 9.16(b) 0y ~Ó˚ üyö Ó§yˆÏöy ˆÎˆÏï˛ ˛õyˆÏÓ˚–
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0

2·sinsin − ⎡⎤ =+ ⎢⎥ − ⎣⎦ ∫∫
al

sa

hsxlxsx Axdxhdx
lallal

ππ

xÌÓyñ 

0

1 sin sin sin
2

a l l

s
a a

h s x hl s x h s xA x dx dx x dx
a l l a l l a l

π π π= + −
− −∫ ∫ ∫

= 
0

sin sin sin+ −
− −∫ ∫ ∫

a l l

a a

h hl hx pxdx pxdx x px dx
a l a l a

ˆÎáyˆÏö 
s p
l
π = ˆ°áy •ˆÏÎ˚ˆÏåÈ–

= 

2
11 cossincoscos

⎡⎤⎡ ⎡⎤
−++−−−+ ⎢⎥⎢ ⎢⎥ −− ⎢⎥⎢ ⎣⎦ ⎣⎦⎣

al

a a

hxhlhx pxpxpxpx
aplaplap p

= ( ) ( ) ( )2
1 1 1cos sin cos cos cos sin cos sinh a hl hpa pa pa pl l pl pl a pa pa

a p p l a p l a p pp
⎛ ⎞ ⎡ ⎤

− + + − − − + + −⎜ ⎟ ⎢ ⎥− − ⎣ ⎦⎝ ⎠

= ( )2 sin ,hl pa
p a l a−

ˆÜ˛ööy sin pl= 0–

∴ 

()()
2

222
22 ·sinsin ==

−− s
hlhlsa Apa

alal plsala
π

π

xyÓyÓ˚ñ 0
0

2 sin 0= =∫
l

s
s xB y dx

s l l
π

π

ˆÜ˛ööy ï˛yˆÏÓ˚Ó˚ §Ó !Ó®%Ó˚ çöƒ•z 0 0y =

A
s
~ÓÇ B

2
 ~Ó˚ ˆÎ üyö=!° xyüÓ˚y !öî≈Î˚ Ü˛Ó˚°yü ˆ§=!° ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ 9.15

§ü#Ü˛Ó˚î!ê˛ˆÏÜ˛ ˆ°áy ÎyÎ˚≠

()
2

22
21sinsincos

s

hlsasxsct y
lll alas
πππ

π
=

−∑

...9.18

= coss
s

s cta
l

π∑
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~áyˆÏöñ a
s
 = 

( )
2

2 2
2 sin sinhl s a s x

l ls a l a
π π

π −
...9.18(a)

~ÓÇ ~!ê˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ s-ï˛ü §üˆÏüˆÏ°Ó˚ !ÓhflÏyÓ˚– ˆÎˆÏ•ï%˛ ï˛yˆÏÓ˚Ó˚ xö%≤Ãfli ï˛Ó˚D!ê˛ fliyî%ï˛Ó˚Dñ ~•z !ÓhflÏyÓ˚

ï˛yˆÏÓ˚Ó˚ ˜òâ≈ƒ ÓyÓ˚ÓÓ˚ x fliyöyˆÏB˛Ó˚ §ˆÏD ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚–

9.18 §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ §ühflÏ ï˛Ìƒ•z xyüÓ˚y ˆ˛õˆÏï˛ ˛õy!Ó˚– ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ üˆÏôƒ

ˆÎ í˛z˛õ§%Ó˚=!° ÌyˆÏÜ˛ñ Ü˛¡õˆÏöÓ˚ ú˛ˆÏ° í˛zÍ˛õß¨ ¢∑ï˛Ó˚ˆÏDÄ ˆ§•z í˛z˛õ§%Ó˚=!° ÌyˆÏÜ˛ ~ÓÇ ˆ§=!°Ó˚ xyö%˛õy!ï˛Ü˛

ï˛#Ó ï˛yÄ Ü˛¡õˆÏöÓ˚ í˛z˛õ§%Ó˚=!°Ó˚ xö%Ó˚*˛õ •Î˚– §%ï˛Ó˚yÇñ 9.18 §ü#Ü˛Ó˚î!ê˛Ó˚ ˛õÎ≈yˆÏ°yã˛öy Ü˛ˆÏÓ˚ xyüÓ˚y Ü˛!£Ï≈ï˛

ï˛yÓ˚ ˆÌˆÏÜ˛ í˛zÍ˛õß¨ ¢∑ï˛Ó˚ˆÏDÓ˚ ˜Ó!¢‹Tƒ §¡∫ˆÏ¶˛Ä !Ü˛å%Èê˛y Ó%é˛ˆÏï˛ ˛õyÓ˚Ó–

Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠Ü˛!£Ï ≈ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠Ü˛!£Ï ≈ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠Ü˛!£Ï ≈ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠Ü˛!£Ï ≈ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠

(i) Ü˛£Ï≈ˆÏîÓ˚ ú˛ˆÏ° §%ˆÏÓ˚Ó˚ xö%˛õ!fli!ï˛ÈÙÙÙÈ~Ü˛!ê˛ ï˛yÓ˚ˆÏÜ˛ x = a !Ó®%ˆÏï˛ Ü˛£Ï≈î Ü˛Ó˚ˆÏ°ñ ˆÎ fl∫Ó˚ §,!‹T •Î˚ ï˛yˆÏï˛

§ÓÜ˛!ê˛ §%Ó˚ í˛z˛õ!fliï˛ öyÄ ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚– Ü˛yÓ˚î Ü˛!£Ï≈ï˛ !Ó®%!ê˛ Ü˛áöÄ•z !öflõ® !Ó®% •ˆÏï˛˛˛õyˆÏÓ˚ öy ˆÜ˛ööy

!öflõ® !Ó®%ˆÏï˛ y ~Ó˚ üyö §ü§üˆÏÎ˚•z ¢)öƒ •Î˚– Ü˛yˆÏç•z ˆÎ §%Ó˚à=!°ˆÏï˛ Ü˛!£Ï≈ï˛ !Ó®%ˆÏï˛ ~Ü˛!ê˛ !öflõ®

!Ó®% ÌyˆÏÜ˛ñ ˆ§•z §%Ó˚=!° fl∫ˆÏÓ˚ í˛z˛õ!fliï˛ ÌyÜ˛ˆÏÓ öy– §%ï˛Ó˚yÇñ xyüyˆÏòÓ˚ ˆòáˆÏï˛ •ˆÏÓ s-~Ó˚ ˆÜ˛yöÄ ˆÜ˛yöÄ

üyˆÏöÓ˚ çöƒ x =a • Ï̂° as = 0 •ˆÏÓ– ~Ó˚ ¢ï≈˛ •° ≠

sin sin 0
x a

s x s a
l l
π π

=

⎡ ⎤ = =⎢ ⎥⎣ ⎦
Óyñ ,s a n

l
π π= ˆÎáyˆÏö n = ˛õ)î≈§Çáƒy 1, 2, 3, •zï˛ƒy!ò xÌÓy ˛õ)î≈ §Çáƒy

s = 
nl
a ...9.19

§%ï˛Ó˚yÇñ ï˛yÓ˚!ê˛ˆÏÜ˛ Î!ò r-§ÇáƒyÜ˛ §üyö û˛yˆÏà û˛yà Ü˛Ó˚y ÎyÎ˚ ~ÓÇ ~Ó˚ m-ï˛ü û˛yà !Ó®%ˆÏï˛ Ü˛£Ï≈î Ü˛Ó˚y

•Î˚ SxÌ≈yÍ a Î!ò

ml
r

•Î˚Vñï˛y•ˆÏ° ˆÎ fl∫Ó˚ §,!‹T •ˆÏÓ ï˛yˆÏï˛ s = 

nlr n
am

=

Î!ò ˛õ)î≈ §Çáƒy •Î˚ ï˛ˆÏÓ s-ï˛ü

§üˆÏü°!ê˛ xö%˛õ!fliï˛ ÌyÜ˛ˆÏÓ– xyÓyÓ˚ ˆÎˆÏ•ï%˛ n ˆÎ ˆÜ˛yöÄ ˛õ)î≈ §Çáƒy •ˆÏï˛ ˛õyˆÏÓ˚ñ s-ï˛ü §%ˆÏÓ˚Ó˚ çöƒ !öflõ®

!Ó®% 2s-ï˛üñ 3s-ï˛ü ≤Ãû,˛!ï˛ §%ˆÏÓ˚Ó˚ çöƒÄ !öflõ® !Ó®% •ˆÏÓ– Ü˛yˆÏçÜ˛yˆÏç•z ~•z§Ó í˛zFã˛ï˛Ó˚ §üˆÏü°=!°

Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚ xö%˛õ!fliï˛ ÌyÜ˛ˆÏÓ– ~!ê˛•z •° •zÎ˚Ç ˆ•°‰ü‰ˆÏ•y°Í§‰ÈÙÈ~Ó˚ (Young Helmholtz) §)e– ï˛yˆÏÓ˚Ó˚

ÓyòƒÎsf !öü≈yˆÏî •zÎ˚Ç ˆ•°ü‰ˆÏ•y°Í§‰ §)ˆÏeÓ˚ ≤ÃˆÏÎ˚yà âˆÏê˛– ˆÜ˛yöÄ ï˛yÓ˚ üôƒ!Ó®%ˆÏï˛ Ü˛!£Ï≈ï˛ •ˆÏ° !mï˛#Î˚ñ ã˛ï%˛Ì≈

≤Ãû,˛!ï˛ Î%@¬ §üˆÏü°=!° §¡õ)î≈ Ó!ç≈ï˛ •Î˚– ~ˆÏï˛ fl∫ˆÏÓ˚Ó˚ üyô%ˆÏÎ≈Ó˚ •y!ö •Î˚– ~çöƒ ÓyòƒÎˆÏsf ï˛yˆÏÓ˚Ó˚ ~Ü˛

≤ÃyˆÏhsˇÓ˚ Ü˛yåÈyÜ˛y!åÈ !Ó®%ˆÏï˛ ï˛yÓ˚!ê˛ Ü˛!£Ï≈ï˛ •Î˚ñ ÎyˆÏï˛ ≤ÃyÎ˚ §Ó §üˆÏü° í˛zÍ˛õß¨ •ˆÏï˛ ˛õyˆÏÓ˚–

ï˛ˆÏÓ §Ó ÓyòƒÎˆÏsfÓ˚ ˆ«˛ˆÏe •zÎ˚Ç ˆ•°‰ü‰ˆÏ•y°Í§‰ §)e §¡õ)î≈ áyˆÏê˛ öy– ~Ó˚ Ü˛yÓ˚îñ ÓyòƒÎˆÏsf ÓƒÓ•*ï˛ ôyï˛Ó

ï˛yÓ˚ §¡õ)î≈ öüö#Î˚ •Î˚ öy ~ÓÇ Ü˛£Ï≈ˆÏîÓ˚ §üÎ˚ Ü˛!£Ï≈ï˛ !Ó®%ˆÏï˛ ï˛yÓ˚!ê˛ ~Ü˛!ê˛ ˆÜ˛yˆÏîÓ˚ ˛õ!Ó˚ÓˆÏï≈˛ ~Ü˛!ê˛ «%˛o

Óe´ˆÏÓ˚áy Ó˚ã˛öy Ü˛ˆÏÓ˚– ~åÈyí˛¸y ï˛yˆÏÓ˚Ó˚ Ó¶˛ö# Óy ˆÎ ˆ§ï%˛Ó˚ í˛z˛õÓ˚ !òˆÏÎ˚ ï˛yÓ˚!ê˛ ê˛yöy ÌyˆÏÜ˛ ˆ§!ê˛ §¡õ)î≈ ò,ì˛¸

•Î˚ öy–
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í˛zòy•Ó˚î ≠ í˛zòy•Ó˚î ≠ í˛zòy•Ó˚î ≠ í˛zòy•Ó˚î ≠ í˛zòy•Ó˚î ≠ ôÓ˚y ÎyÜñ ï˛yÓ˚!ê˛ˆÏÜ˛ ≤Ãyhsˇ ˆÌˆÏÜ˛ ˜òˆÏâ≈ƒÓ˚ ~Ü˛ÈÙÈï,˛ï˛#Î˚yÇ¢ ò)ˆÏÓ˚ Ü˛£Ï≈≈î Ü˛Ó˚y •°– ~ˆÏ«˛ˆÏe r =

3, m = 1– ~áö ˆÎ §üˆÏü°=!° xö%˛õ!fliï˛ ÌyÜ˛ˆÏÓñ ˆ§=!° e´!üÜ˛ §Çáƒy •° s = n·
r
m  = n·3 xÌ≈yÍ

s = 3, 6, 9........– í˛zÍ˛õß¨ fl∫ˆÏÓ˚ ï,˛ï˛#Î˚ñ £Ï¤˛ñ öÓü ≤Ãû,˛!ï˛ §üˆÏü°=!° ÌyÜ˛ˆÏÓ öy–

(ii) §%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠ §%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠ §%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠ §%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠ §%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠ 9.18 §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ xy˛õ!ö Ó%é˛ˆÏï˛ ˛õyÓ˚ˆÏÓö ˆÎñ !ö!ò≈‹T ˜òˆÏâ≈ƒÓ˚ ~Ü˛!ê˛ Ü˛!£Ï≈ï˛

ï˛yˆÏÓ˚Ó˚ ˆÜ˛yöÄ ~Ü˛!ê˛ ˛õ!Ó˚°!«˛ï˛ !Ó®%ˆÏï˛ s - ï˛ü §%ˆÏÓ˚Ó˚ !ÓhflÏyÓ˚ ò%!ê˛ !Ó£ÏˆÏÎ˚Ó˚ Ä˛õÓ˚ !öû≈˛Ó˚ Ü˛ˆÏÓ˚– ≤ÃÌü!ê˛

•° Ü˛!£Ï≈ï˛ !Ó®%Ó˚ fliyöyB˛ Ä ≤ÃyÌ!üÜ˛ !Óã%˛ƒ!ï˛Ó˚ ˛õ!Ó˚üyî xÌ≈yÍ a Ä h ~ÓÇ !mï˛#Î˚!ê˛ •° ï˛yˆÏÓ˚Ó˚ xyÓk˛ ≤Ãyhsˇ

ˆÌˆÏÜ˛ ˛õ!Ó˚°!«˛ï˛ !Ó®%Ó˚ ò)Ó˚cñ x–

≤ÃÌüï˛ñ Î!ò Ü˛!£Ï≈ï˛ !Ó®%Ó˚ xÓfliyö Ä ≤ÃyÌ!üÜ˛ !Óã%˛ƒ!ï˛ˆÏÜ˛ !fliÓ˚ Ó˚yáy ÎyÎ˚ñ ï˛y•ˆÏ° s - ï˛ü §%ˆÏÓ˚Ó˚ !ÓhflÏyÓ˚

xyÓk˛ ≤Ãyhsˇ ˆÌˆÏÜ˛ !Ó®%!ê˛Ó˚ ò)Ó˚c x-~Ó˚ í˛z˛õÓ˚ !öû≈˛Ó˚ Ü˛Ó˚ˆÏÓ– ~•z !ÓhflÏyÓ˚ §ÓˆÏã˛ˆÏÎ˚ ˆÓ!¢ (a
sm

) •ˆÏÓ Îáö

sin

1 sx
l
π=

xÌ≈yÍñ 

1
2

sxj
l
ππ ⎛⎞ =+ ⎜⎟ ⎝⎠

xÌÓyñ x = 

11,
2

j
s

⎛⎞ + ⎜⎟ ⎝⎠

j = ˛õ)î≈ §Çáƒy–

xï˛~Óñ x-~Ó˚ í˛z˛õ!Ó˚!°!áï˛ üyˆÏöÓ˚ çöƒ a
s
= a

sm
= 

()
2

22
21sin hlsa

l alas
π

π
×

−

...9.20

í˛zòy•Ó˚î ≠ í˛zòy•Ó˚î ≠ í˛zòy•Ó˚î ≠ í˛zòy•Ó˚î ≠ í˛zòy•Ó˚î ≠ ï˛yÓ˚!ê˛ˆÏÜ˛ Î!ò a = 1
2 !Ó®%ˆÏï˛ Ü˛£Ï≈î Ü˛Ó˚y •Î˚ ï˛y•ˆÏ° s - ï˛ü §%ˆÏÓ˚ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ §ˆÏÓù≈yFã˛

!ÓhflÏyÓ˚ •ˆÏÓ

asm= 

2222
8118 sin·sin

22
×= hshs

l ss
ππ

ππ

...9.21

s Îáö Î%@¬ ˛õ)î≈ §Çáƒy (2, 4, 6,...) ï˛áö sin 

2
sπ

= 0, §%ï˛Ó˚yÇ 

θ

sm
 = 0– ~!ê˛ âê˛ˆÏÓ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏö

!mï˛#Î˚ñ ã˛ï%˛Ì≈ñ £Ï¤˛ •zï˛ƒy!ò §üˆÏüˆÏ°Ó˚ ˆ«˛ˆÏeñ xÌ≈yÍ ~•z §üˆÏü°=!° ~ˆÏÜ˛ÓyˆÏÓ˚•z ÌyÜ˛ˆÏÓ öy– xyÓyÓ˚ asm

ÈÙÈ ~Ó˚ üyö §ˆÏÓ≈yFã˛ •ˆÏÓ Îáö s ~Ü˛!ê˛ xÎ%@¬ ˛õ)î≈ §Çáƒy (1, 3, 5,....), ˆÜ˛ööy ï˛áö sin

2
sπ

 = 1~ÓÇ a
sm

= 

22
8h

s π

–

!mï˛#Î˚ï˛ñ Ü˛!£Ï≈ï˛ !Ó®%Ó˚ fliyöyB˛ ~ÓÇ xyê˛Ü˛yˆÏöy ≤Ãyhsˇ ˆÌˆÏÜ˛ ˛õ!Ó˚°!«˛ï˛ !Ó®%!ê˛Ó˚ ò)Ó˚c x Î!ò !fliÓ˚ ÌyˆÏÜ˛ñ

ï˛y•ˆÏ° !ÓhflÏyÓ˚ (as)s-~Ó˚ ÓˆÏà≈Ó˚ ÓƒhflÏyö%˛õyˆÏï˛ ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚– xÌ≈yÍñ as

2
1
s

∝

– ˆÎˆÏ•ï%˛ ï˛#Ó ï˛yÓ˚ !ÓhflÏyˆÏÓ˚
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ÓˆÏà≈Ó˚ §üyö%˛õy!ï˛Ü˛ñ Ü˛yˆÏç•z ï˛#Ó ï˛y (I
s
) - ˆÜ˛ xyüÓ˚y !°áˆÏï˛ ˛õy!Ó˚ I

s
 4

1
s

∝ – ~Ó˚ ˆÌˆÏÜ˛ flõ‹T •ˆÏFåÈ ˆÎñ

í˛zFã˛ï˛Ó˚ §%Ó˚=!°Ó˚ ï˛#Ó ï˛y á%Ó o&ï˛à!ï˛ˆÏï˛ •…y§ ˛õyˆÏÓ– ôÓ˚&öñ ï˛yÓ˚!ê˛ Î!ò üôƒ!Ó®%ˆÏï˛ Ü˛!£Ï≈ï˛ •Î˚ ≤ÃÌüñ ï,˛ï˛#Î˚ñ

˛õMÈ˛ü §%Ó˚=!°Ó˚ ï˛#Ó ï˛yÓ˚ xö%˛õyï˛ •ˆÏÓ I1: I2 : I3 = 1 : 4 4
1 1:
3 5

(iii)  fl∫ˆÏÓ˚Ó˚ çy!ï˛ ≠ fl∫ˆÏÓ˚Ó˚ çy!ï˛ ≠ fl∫ˆÏÓ˚Ó˚ çy!ï˛ ≠ fl∫ˆÏÓ˚Ó˚ çy!ï˛ ≠ fl∫ˆÏÓ˚Ó˚ çy!ï˛ ≠ ˆÎ fl∫ˆÏÓ˚ ü)°§%Ó˚ åÈyí˛¸y xöƒ §üˆÏü° ÌyˆÏÜ˛ öy ï˛y ◊&!ï˛üô%Ó˚ •Î˚ öy–  ˆÜ˛yöÄ

§%Ó˚¢°yÜ˛yˆÏÜ˛ ÓyòƒÎsf !•§yˆÏÓ ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyÎ˚ öy ˆÜ˛ööy ~=!°Ó˚ ~Ü˛!ê˛üye Ü˛¡õyB˛ ÌyˆÏÜ˛– Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚

ˆÎ fl∫Ó˚ §,!‹T •Î˚ ï˛yÓ˚ çy!ï˛ !öî#≈ï˛ •Î˚ ˆ§•z fl∫ˆÏÓ˚ í˛z˛õ!fliï˛ Ü˛ï˛Ü˛=!° §%Ó˚ xyˆÏåÈ ï˛yÓ˚ §Çáƒy ~ÓÇ §%Ó˚=!°Ó˚

xyˆÏ˛õ!«˛Ü˛ (relative) ï˛#Ó ï˛yÓ˚ myÓ˚y– ï˛yÓ˚!ê˛ˆÏÜ˛ a ò)Ó˚ˆÏc Ü˛£Ï≈î Ü˛Ó˚ˆÏ° §Ω˛yÓƒ §%Ó˚=!°Ó˚ §Çáƒy 

a
l

xö%˛õyï˛

myÓ˚y !öî≈Î˚ Ü˛Ó˚y ÎyÎ˚– §%ï˛Ó˚yÇñ §,‹T fl∫Ó˚ í˛zß¨ï˛ çy!ï˛Ó˚ (good quality)  ~ÓÇ ◊&!ï˛üô%Ó˚ •ˆÏÓ Î!ò ï˛yÓ˚!ê˛ˆÏÜ˛

Ó,•Í §ÇáƒÜ˛ §üû˛yˆÏà û˛yà Ü˛Ó˚y ÎyÎ˚ ~ÓÇ ~Ü˛ ≤Ãyhsˇ ˆÌˆÏÜ˛ !öÜ˛ê˛ï˛ü !Óû˛yçö !Ó®%ˆÏï˛ Ü˛£Ï≈î Ü˛Ó˚y •Î˚– ~ˆÏï˛˛

˛õÓ˚˛ ˛õÓ˚ xˆÏöÜ˛=!° §üˆÏü° í˛zÍ˛õß¨ •ˆÏÓ– ˆÎ §%Ó˚=!° xö%˛õ!fliï˛ ÌyÜ˛ˆÏÓ ï˛yˆÏòÓ˚ ï˛#Ó ï˛y öàîƒ •ï˛ñ ÎyÓ˚

ú˛ˆÏ° ˆ§=!°Ó˚ xö%˛õ!fli!ï˛ˆÏï˛ í˛zÍ˛õß¨ ¢ˆÏ∑Ó˚ çy!ï˛Ó˚ ˆÜ˛yöÄ •y!ö âê˛ˆÏÓ öy– í˛z˛õ!fliï˛ §%Ó˚=!°Ó˚ §Çáƒy ˆÎ

Ó›!ê˛ !òˆÏÎ˚ Ü˛£Ï≈î Ü˛Ó˚y •Î˚ ï˛yÓ˚ ≤ÃÜ,˛!ï˛Ó˚ Ä˛õÓ˚Ä !öû≈˛Ó˚ Ü˛ˆÏÓ˚–

~ÓyÓ˚ xy˛õ!ö !öˆÏç ~Ü˛!ê˛ xö%¢#°ö#Ó˚ í˛z_Ó˚ ˆòÄÎ˚yÓ˚ ˆã˛‹Ty Ü˛Ó˚&ö–

xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# - 2

~Ü˛!ê˛ ê˛yöy ï˛yÓ˚ˆÏÜ˛ xyÓk˛˛ ≤Ãyhsˇ ˆÌˆÏÜ˛ 

4
l

ò)Ó˚ˆÏc Ü˛£Ï≈î Ü˛Ó˚y •°– ~ˆÏï˛ ˆÎ fl∫Ó˚ §,!‹T •ˆÏÓ˛ ï˛yˆÏï˛ ˆÜ˛yö

ˆÜ˛yö §%Ó˚ xö%˛õ!fliï˛ ÌyÜ˛ˆÏÓ⁄

9.4 xy•ï˛ ï˛yÓ˚xy•ï˛ ï˛yÓ˚xy•ï˛ ï˛yÓ˚xy•ï˛ ï˛yÓ˚xy•ï˛ ï˛yÓ˚     (Struck string)

!˛õÎ˚yˆÏöy ~Ü˛!ê˛ çö!≤ÃÎ˚ ÓyòƒÎsf– ~Ó˚ ï˛yÓ˚ˆÏÜ˛ ~Ü˛!ê˛ ˆú˛ˆÏŒê˛ (Felt) xyÓ,ï˛ •yï%˛!í˛¸Ó˚ myÓ˚y xyâyï˛ Ü˛Ó˚y

•Î˚ ~ÓÇ xyâyï˛ Ü˛Ó˚yÓ˚ ˛õÓ˚ •yï%˛!í˛¸!ê˛ xyÓyÓ˚ !öˆÏçÓ˚ fliyˆÏö ˆú˛Ó˚ï˛ xyˆÏ§– üˆÏö Ü˛Ó˚y ÎyÜ˛ñ l ˜òâ≈ƒ ~ÓÇ m

˜Ó˚!áÜ˛ âöˆÏcÓ˚ ~Ü˛!ê˛ ï˛yÓ˚ˆÏÜ˛ T ê˛yö myÓ˚y ˆê˛ˆÏö Ó˚yáy •ˆÏÎ˚ˆÏåÈ– x˛õ!Ó˚Ó!ï≈˛ï˛ xÓfliyÎ˚ ï˛yÓ˚!ê˛Ó˚ xyÓk˛ !òÜ˛

ˆÌˆÏÜ˛ (x = 0) x = a ò)Ó˚ˆÏc ï˛yÓ˚!ê˛ˆÏÜ˛ ~Ü˛!ê˛ ˛õƒyí˛Î%_´ •yï%˛!í˛¸ !òˆÏÎ˚ ~üöû˛yˆÏÓ xyâyï˛ Ü˛Ó˚y •° ÎyˆÏï˛

~•z xyâyˆÏï˛Ó˚ §üÎ˚ x = a ~ÓÇ x = a + da ~•z «%˛o ˜òˆÏâ≈ƒÓ˚ üˆÏôƒ•z ï˛yˆÏÓ˚Ó˚ §ˆÏD •yï%˛!í˛¸Ó˚ §ÇˆÏÎyà âˆÏê˛–

~áö xyüÓ˚y ê˛yöy ï˛yˆÏÓ˚Ó˚ §yôyÓ˚î §Ó˚ˆÏîÓ˚ 9.7 §ü#Ü˛Ó˚î ÓƒÓ•yÓ˚ Ü˛Ó˚Ó– ~•z §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ xyüÓ˚y ˛õy•z

y (x, t) = 

cossinsin ss
s

sctsctsx AB
lll
πππ ⎡⎤ + ⎢⎥ ⎣⎦ ∑
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~áö xyüÓ˚y xy•ï˛ ï˛yˆÏÓ˚Ó˚ ˆ«˛ˆÏe ≤ÃˆÏÎyçƒ ê˛yöy ¢ï≈˛=!° xyˆÏÓ˚y˛õ Ü˛Ó˚Ó–

(i)  ≤ÃÌü §#üy¢ï≈˛!ê˛ •°ñ ≤ÃyÓ˚!Ω˛Ü˛ xÓfliyÎ˚ñ Îáö t = 0, ï˛yˆÏÓ˚Ó˚ §Ó !Ó®%ˆÏï˛ §Ó˚î ¢)öƒ •ˆÏÓ–

y(x, t)-~Ó˚ Ó˚y!¢üy°yÎ˚ t = 0 Ó§yˆÏ° xy˛õ!ö ˛õyˆÏÓöñ

y (x, 0) = sins
s

s xA
l
π∑

í˛zû˛Î˚!òÜ˛ˆÏÜ˛ sin 
r x dx

l
π

!òˆÏÎ˚ =î Ü˛ˆÏÓ˚ x = 0 ˆÌˆÏÜ˛ x = l ˛õyÕ‘yÎ˚ §üyÜ˛°ö Ü˛Ó˚ˆÏ° ˛õyÄÎ˚y ÎyÎ˚ S~áyˆÏö

r = ˛õ)î≈ §ÇáƒyV

()
00

,0sinsinsin
ll

s
s xx

rxsxrx yxdxAdx
lll
πππ

==

=∑ ∫∫

Óyü!òˆÏÜ˛Ó˚ Ó˚y!¢!ê˛Ó˚ üyö ¢)öƒñ ˆÜ˛ööy y (x, 0) = 0– í˛yö!òˆÏÜ˛Ó˚ §üyÜ˛°!ê˛Ó˚ üyö Ar·
1
2 ˆÜ˛ööy

0
sinsin
lsxrxdx

ll
ππ ∫

- ~Ó˚ üyö s 

≠

r •ˆÏ° ¢)öƒ •ˆÏÓ–

§%ï˛Ó˚yÇñ A
r

1
2

= 0 Óy A
r
 = 0– xÌ≈yÍ A

1
, A

2
, A

3
 ≤Ãû,˛!ï˛ §Ó=!° ô &ÓˆÏÜ˛Ó˚ üyö•z ¢)öƒ– §%ï˛Ó˚yÇñ

y(x, t) = 

sinsin s
s

sctsx B
ll
ππ ∑

...9.22

(ii) !mï˛#Î˚ §#üy¢ï≈˛!ê˛ •°ñ ≤ÃyÓ˚!Ω˛Ü˛ xÓfliyÎ˚ ï˛yˆÏÓ˚Ó˚ ˆÓà

y (x, t) = u
0
 Îáöñ a 

≤

x < a + 

Δ

 (

Δ

 = «%˛o ˜òâ≈ƒV

              = 0 Îáö x ~Ó˚ üyö !û˛ß¨–

xÌ≈yÍñ •yï%˛!í˛¸Ó˚ xyâyˆÏï˛Ó˚ ú˛ˆÏ° ï˛yˆÏÓ˚Ó˚ x = a !Ó®%Ó˚ §!ß¨!•ï˛ 

Δ

 ˜òˆÏâ≈ƒÓ˚ ~Ü˛!ê˛ á%Ó ˆåÈyê˛ xÇ¢ u
0
 ˆÓà

°yû˛ Ü˛ˆÏÓ˚ !Ü˛v ≤ÃyÓ˚!Ω˛Ü˛ xÓfliyÎ˚ ï˛yˆÏÓ˚Ó˚ Óy!Ü˛ xÇ¢ §yüƒyÓfliyˆÏö ÌyˆÏÜ˛– ~ÓyÓ˚ §#üy¢ï≈˛!ê˛ ≤ÃˆÏÎ˚yà Ü˛Ó˚y ÎyÜ˛–

y (x, t) - ~Ó˚ Ó˚y!¢üy°y 9.22 ˆÌˆÏÜ˛ xyüÓ˚y ˛õy•z ≠

(,0)sin s
s

scsx yxB
ll
ππ =∑

~•z §ü#Ü˛Ó˚ˆÏîÓ˚ ò%•z !òÜ˛ˆÏÜ˛ sin 
r x dx

l
π

 !òˆÏÎ˚ =î Ü˛ˆÏÓ˚ x = 0 Ä x = l §#üyÓ˚ üˆÏôƒ §üyÜ˛°ö Ü˛Ó˚ˆÏ°
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()
00

,0sinsinsin
ll

s
s

rxscsxrx yxdxBdx
llll
ππππ =∑ ∫∫

~•z §ü#Ü˛Ó˚ˆÏîÓ˚ Óyü!òˆÏÜ˛Ó˚ Ó˚y!¢!ê˛Ó˚ üyö≠

0
0

0·sin sin 0·sin
a a l

a a

r x r x r xdx u dx dx
l l l
π π π

+Δ

+Δ

+ +∫ ∫ ∫

= u
0
sin 

r a
l
π

·

Δ

 ˆÜ˛ööy 

Δ

 ˜òˆÏâ≈ƒÓ˚ í˛z˛õÓ˚ x-~Ó˚ üyö a ÓˆÏ° ôˆÏÓ˚ ˆöÄÎ˚y ÎyÎ˚–

í˛yö!òˆÏÜ˛Ó˚ Ó˚y!¢!ê˛Ó˚ üyö B
r

1
22 r

rcrc B
l
ππ =

§%ï˛Ó˚yÇ ˆ°áy ÎyÎ˚ñ B
s
 = 0

2 sin s au
s c l

π
π

Δ –

ï˛yˆÏÓ˚Ó˚ Δ ˜òˆÏâ≈ƒÓ˚ xÇ¢ê%%˛Ü%˛ ˆÎ ≤ÃyÌ!üÜ˛ û˛Ó˚ˆÏÓà °yû˛ Ü˛ˆÏÓ˚ ï˛yÓ˚ üyö

p = 

ρΔ

·u0, ˆÎáyˆÏö 

ρ

 = ï˛yˆÏÓ˚Ó˚ ~Ü˛Ü˛ ˜òˆÏâ≈ƒÓ˚ û˛Ó˚–

∴u
0 Δ = p

ρ

~ÓÇñ B
s
 = 

2sin psa
scpl

π
π

B
s
-~Ó˚ ~•z üyö ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ 9.22 §ü#Ü˛Ó˚î!ê˛ ˆ°áy ÎyÎ˚ ≠

y(x, t) = 
2 1 sin sin sin∑

s

p s a s x s ct
cp s l l l

π π π
π

...9.23

í˛z˛õˆÏÓ˚Ó˚ §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ flõ‹T•z ˆÓyé˛y ÎyÎ˚ ˆÎñ xy•ï˛ ï˛yˆÏÓ˚ ˆÎ fliyî% ï˛Ó˚ˆÏDÓ˚ §,!‹T •Î˚ñ ï˛yÓ˚ !ÓhflÏyÓ˚ ï˛yˆÏÓ˚Ó˚

~Ü˛ ~Ü˛ fliyˆÏö ~Ü˛ ~Ü˛ ˛õ!Ó˚üyˆÏî •Î˚– xyÓk˛ ≤Ãyhsˇ ˆÌˆÏÜ˛ x ò)Ó˚ˆÏc s-ï˛ü §%ˆÏÓ˚ ˆÎ Ü˛¡õö •Î˚ ï˛yÓ˚ !ÓhflÏyÓ˚

a
s
 = 

2 1· ·sin sinp s a s x
c s l l

π π
π ρ

...9.24

9.23 §ü#Ü˛Ó˚î!ê˛ˆÏÜ˛ ï˛áö ~û˛yˆÏÓÄ ˆ°áy ÎyÎ˚ ≠

y (x, t) = sins
s

s cta
l

π∑ ...9.25
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xy•ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠xy•ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠xy•ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠xy•ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠xy•ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ ≠

(i) §%ˆÏÓ˚Ó˚ xö%˛õ!fli!ï˛ ≠§%ˆÏÓ˚Ó˚ xö%˛õ!fli!ï˛ ≠§%ˆÏÓ˚Ó˚ xö%˛õ!fli!ï˛ ≠§%ˆÏÓ˚Ó˚ xö%˛õ!fli!ï˛ ≠§%ˆÏÓ˚Ó˚ xö%˛õ!fli!ï˛ ≠ 9.23 §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ xy˛õ!ö §•ˆÏç•z Ó%é˛ˆÏï˛ ˛õyÓ˚ˆÏåÈö ˆÎñ ï˛yˆÏÓ˚Ó˚ xyÓk˛

≤Ãyhsˇ ˆÌˆÏÜ˛ xy•ï˛ !Ó®%Ó˚ (struck point) ò)Ó˚c a Î!ò ~üö •Î˚ ˆÎ sin 
s a

l
π

 ~Ó˚ üyö ¢)öƒ •Î˚ñ ï˛ˆÏÓ ï˛yˆÏÓ˚Ó˚

Ü˛¡õˆÏö s-ï˛ü §%Ó˚ xö%˛õ!fliï˛ ÌyÜ˛ˆÏÓ– ~•z ¢ˆÏï≈˛Ó˚ xÌ≈ 

sa
l
π

 = r

π

 (r = ˛õ)î≈ §ÇáƒyV Óy a = l·

r
s

–

Î!ò ï˛yÓ˚!ê˛ˆÏÜ˛ s §üyöû˛yˆÏà û˛yà Ü˛Ó˚y ÎyÎ˚ ~ÓÇ ˆÎ ˆÜ˛yöÄ ~Ü˛!ê˛ !Óû˛yçö !Ó®%ˆÏï˛ xyâyï˛ Ü˛Ó˚y •Î˚

ï˛y•ˆÏ° ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏö s-ï˛ü §%Ó˚!ê˛ xö%˛õ!fliï˛ •ˆÏÓ– ~áyˆÏö ü)°ö#!ï˛!ê˛ ~•z ˆÎñ xy•ï˛ !Ó®%ˆÏï˛ ˆÎ §%ˆÏÓ˚Ó˚

~Ü˛!ê˛ !öflõ® !Ó®% ÌyÜ˛ï˛ñ ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏö ˆ§•z §%Ó˚ ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚ öy– xyÓyÓ˚ ˆÜ˛yöÄ ~Ü˛!ê˛ !Ó®% s-ï˛ü

§%ˆÏÓ˚Ó˚ !öflõ® !Ó®% •ˆÏ° ˆ§!ê˛ 2s-ï˛üñ 3s-ï˛ü •zï˛ƒy!ò §%Ó˚=!°Ó˚Ä !öflõ® !Ó®% •ˆÏÓ– xÌ≈yÍñ 2s-ï˛üñ

3s-ï˛ü •zï˛ƒy!ò §%Ó˚=!°Ä ˆ§ˆÏ«˛ˆÏe xö%˛õ!fliï˛ •ˆÏÓ–

(ii) §%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠§%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠§%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠§%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠§%ˆÏÓ˚Ó˚ ≤ÃyÓ°ƒ ≠ 9.23 §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ xy˛õ!ö xyˆÏà•z ˆòˆÏáˆÏåÈö ˆÎñ ï˛yˆÏÓ˚Ó˚ xyÓk˛ ≤Ãyhsˇ ˆÌˆÏÜ˛

x ò)Ó˚ˆÏc s-ï˛ü §%ˆÏÓ˚Ó˚ !ÓhflÏyÓ˚ a
s
 xy•ï˛ !Ó®%Ó˚ ‘a’ ~Ó˚ í˛z˛õÓ˚ !öû≈˛Ó˚ Ü˛ˆÏÓ˚– xyÓyÓ˚ ï˛yÓ˚!ê˛ˆÏÜ˛ !ö!ò≈‹T ~Ü˛!ê˛

!Ó®%ˆÏï˛ xyâyï˛ Ü˛Ó˚ˆÏ°ñ xÌ≈yÍ xy•ï˛ !Ó®%Ó˚ a ˆÜ˛ !fliÓ˚ Ó˚yáˆÏ°ñ s-ï˛ü §%ˆÏÓ˚Ó˚ !ÓhflÏyÓ˚ Ók˛ ≤Ãyhsˇ ˆÌˆÏÜ˛ ò)Ó˚ˆÏcÓ˚

(= x) !Ó!û˛ß¨ üyˆÏö !Ó!û˛ß¨ •Î˚– !ÓhflÏyÓ˚ as §ÓˆÏã˛ˆÏÎ˚ ˆÓ!¢ •ˆÏÓ Îáö sin
1 srx

l
=±

 xÌÓyñ x = 1
2s

(2n +

1), n = ˛õ)î≈ §Çáƒy– !ÓhflÏyˆÏÓ˚Ó˚ §ˆÏÓ≈yFã˛ üyö •ˆÏÓ

asm= 

21··sin psa
csl

π
πρ

...9.26

~•z §ˆÏÓ≈yFã˛ !ÓhflÏyÓ˚ §üˆÏüˆÏ°Ó˚ e´ü ‘s’ ÈÙÈ ~Ó˚ §ˆÏD ÓƒyhflÏyö%˛õyˆÏï˛ ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚– °«˛ƒ Ü˛Ó˚&öñ ~ˆÏ«˛ˆÏe

§%ˆÏÓ˚Ó˚ ï˛#Ó ï˛y I 2
1
s

∝ – xÌ≈yÍ §%ˆÏÓ˚Ó˚ e´ˆÏüÓ˚ (order)  Ó,!k˛Ó˚ §ˆÏD ï˛#Ó ï˛y •…y§ ˆ˛õˆÏ°Ä ~•z •…yˆÏ§Ó˚ •yÓ˚

Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚Ó˚ ï%˛°öyÎ˚ Ü˛ü o&ï˛–

xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# - 3

(a) l ˜òˆÏâ≈ƒÓ˚ ~Ü˛!ê˛ ï˛yÓ˚ˆÏÜ˛ xyÓk˛ ≤Ãyhsˇ ˆÌˆÏÜ˛ 3
l

 ò)ˆÏÓ˚ xyâyï˛ Ü˛Ó˚y •°– 9.18a §ü#Ü˛Ó˚ˆÏîÓ˚ §y•yˆÏÎƒ

ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏöÓ˚ s-ï˛ü §üˆÏüˆÏ°Ó˚ !ÓhflÏyˆÏÓ˚Ó˚ Ó˚y!¢üy°y!ê˛ !°á%ö– ˆÜ˛yö ˆÜ˛yö §%ˆÏÓ˚ !ÓhflÏyÓ˚ §Ó≈!ö¡¨ SxÌ≈yÍ

¢)öƒV xyÓ˚ ˆÜ˛yö ˆÜ˛yö §%ˆÏÓ˚Ó˚ çöƒ•z Óy !ÓhflÏyÓ˚ §ˆÏÓ≈yFã˛ •ˆÏÓ⁄ §ˆÏÓ≈yFã˛ !ÓhflÏyˆÏÓ˚Ó˚ Ó˚y!¢üy°y!ê˛ !öî≈Î˚ Ü˛Ó˚&ö–
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(b) xy•ï˛ ï˛yˆÏÓ˚Ó˚ ày!î!ï˛Ü˛ !ÓˆÏŸ’£ÏˆÏî ôˆÏÓ˚ ˆöÄÎ˚y •ˆÏÎ˚ˆÏåÈ ˆÎñ •yï%˛!í˛¸!ê˛ ï˛yˆÏÓ˚Ó˚ xï˛ƒhsˇ «%˛o ˜òˆÏâ≈ƒ xyâyï˛

Ü˛ˆÏÓ˚– ~!ê˛ §ï˛ƒ öy •ˆÏ° !ÓˆÏŸ’£ÏˆÏîÓ˚ ˆÜ˛yöÄ ˛õyÌ≈Ü˛ƒ •ˆÏÓ !Ü˛⁄

9.5 åÈí˛¸ê˛yöy ï˛yÓ˚åÈí˛¸ê˛yöy ï˛yÓ˚åÈí˛¸ê˛yöy ï˛yÓ˚åÈí˛¸ê˛yöy ï˛yÓ˚åÈí˛¸ê˛yöy ï˛yÓ˚     (Bowed string)

xyüyˆÏòÓ˚ §%˛õ!Ó˚!ã˛ï˛ ˆÓ•y°y Ä ~§Ó˚yç •° åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ ÓyòƒÎˆÏsfÓ˚ í˛zòy•Ó˚î– åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏö

~Ü˛!ê˛ x!û˛öÓc xyˆÏåÈ– ï˛yÓ˚!ê˛ !öçfl∫ Ü˛¡õyˆÏB˛ Ü˛!¡õï˛ •ˆÏ°Ä ~!ê˛ ï˛yˆÏÓ˚Ó˚ fl∫yû˛y!ÓÜ˛ Ü˛¡õö öÎ˚ñ Ü˛yÓ˚î

Ü˛¡õˆÏöÓ˚ çöƒ åÈˆÏí˛¸Ó˚ ≤Ãû˛yÓ xÓ¢ƒ ≤ÃˆÏÎ˚yçö#Î˚– ï˛yÓ˚!ê˛ à!ï˛¢#° åÈí˛¸ ˆÌˆÏÜ˛•z Ü˛¡õˆÏöÓ˚ çöƒ ï˛yÓ˚ ≤ÃˆÏÎ˚yçö#Î˚

¢!_´ ˆ˛õˆÏÎ˚ ÌyˆÏÜ˛– !Ü˛v ï˛y•ˆÏ°Ä ~!ê˛ ˛õÓ˚Ó¢ Ü˛¡õö (forced vibration) öÎ˚ñ Ü˛yÓ˚î ï˛yÓ˚!ê˛ ï˛yÓ˚ fl∫yû˛y!ÓÜ˛

Ü˛¡õyˆÏB˛•z xyˆÏ®y!°ï˛ •Î˚ñ åÈí˛¸!ê˛Ó˚ ˆÜ˛yöÄ !öçfl∫ Ü˛¡õyB˛ ˆö•z– ~çöƒ åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ Ü˛¡õöˆÏÜ˛ Ó°y •Î˚

ˆ˛õy!£Ïï˛ Ü˛¡õö ˆ˛õy!£Ïï˛ Ü˛¡õö ˆ˛õy!£Ïï˛ Ü˛¡õö ˆ˛õy!£Ïï˛ Ü˛¡õö ˆ˛õy!£Ïï˛ Ü˛¡õö (maintained vibration)–

åÈˆÏí˛¸Ó˚ à!ï˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õöˆÏÜ˛ ÓçyÎ˚ Ó˚yˆÏá– ~Ü˛!ê˛ åÈí˛¸ˆÏÜ˛ ï˛yˆÏÓ˚Ó˚ Ä˛õÓ˚ ã˛y°yˆÏ° åÈí˛¸!ê˛ ï˛yÓ˚!ê˛ˆÏÜ˛ ï˛yÓ˚

§ˆÏD ˆê˛ˆÏö !öˆÏÎ˚ ÎyÎ˚– ~!ê˛ §Ω˛Ó •Î˚ ï˛yÓ˚ Ä åÈˆÏí˛¸Ó˚ üˆÏôƒ !fliï˛#Î˚ â£Ï≈ˆÏîÓ˚ ú˛ˆÏ°– åÈˆÏí˛¸Ó˚ ò%Û!òˆÏÜ˛Ó˚ ï˛yˆÏÓ˚Ó˚

ò%!ê˛ xÇ¢ åÈˆÏí˛¸Ó˚ !òˆÏÜ˛ e´ˆÏü e´ˆÏü xyöï˛ •ˆÏï˛ ÌyˆÏÜ˛– ú˛ˆÏ° ê˛yöy ï˛yˆÏÓ˚Ó˚ ≤Ãï˛ƒyöÎ˚Ü˛ ÓˆÏ°Ó˚ üyö e´ü¢ Ó,!k˛

˛õyÎ˚– ~Ü˛§üÎ˚ ~•z ≤Ãï˛ƒyöÎ˚Ü˛ ÓˆÏ°Ó˚ üyö !fliï˛#Î˚ â£Ï≈î ÓˆÏ°Ó˚ ˆÌˆÏÜ˛ ˆÓ!¢ •Î˚ ~ÓÇ ï˛yÓ˚!ê˛ !˛õåÈˆÏ° !àˆÏÎ˚

!öçfl∫ xÓfliyˆÏö ˆú˛Ó˚ï˛ xy§ˆÏï˛ ÌyˆÏÜ˛– çyˆÏí˛ƒÓ˚ çöƒ ˆ§!ê˛ !öçfl∫ xÓfliyö åÈy!í˛¸ˆÏÎ˚ ã˛ˆÏ° ÎyÎ˚– ï˛yÓ˚!ê˛ Îï˛«˛î

åˆÏí˛¸Ó˚ §yˆÏ˛õˆÏ«˛ à!ï˛¢#° ÌyˆÏÜ˛ ï˛ï˛«˛î ï˛yˆÏÓ˚Ó˚ í˛z˛õÓ˚ ≤Ãï˛ƒyöÎ˚Ü˛ Ó° åÈyí˛¸yÄ àï˛#Î˚ â£Ï≈î Ó° Ü˛yç Ü˛ˆÏÓ˚–

~•z ˛ú˛ˆÏ°•z ï˛yÓ˚!ê˛ ü!®ï˛ •ˆÏÎ˚ e´ü¢ !fliÓ˚ xÓfliyÎ˚ xyˆÏ§– ï˛áö åÈí˛¸ !òˆÏÎ˚ xyÓyÓ˚ ï˛yÓ˚!ê˛ˆÏÜ˛ ˆê˛ˆÏö !öˆÏÎ˚ ÎyÄÎ˚y

•Î˚– Îï˛«˛î åÈí˛¸!ê˛ ï˛yˆÏÓ˚Ó˚ §ÇflõˆÏ¢≈ à!ï˛¢#° ÌyˆÏÜ˛ ï˛ï˛«˛î ~•z åÈí˛¸ !òˆÏÎ˚ ï˛yÓ˚!ê˛ §yüˆÏö ˆê˛ˆÏö !öˆÏÎ˚

ÎyÄÎ˚y ~ÓÇ ï˛yˆÏÓ˚Ó˚ !˛õåÈˆÏ° ˛õ)ˆÏÓ≈Ó˚ xÓfliyˆÏö !ú˛ˆÏÓ˚ xy§y ã˛°ˆÏï˛ ÌyˆÏÜ˛– ï˛yˆÏÓ˚Ó˚ x@ˇÃà!ï˛Ó˚ §üÎ˚ !fliï˛#Î˚

â£Ï≈ˆÏîÓ˚ üyˆÏöÓ˚ ˛õyÌ≈ˆÏÜ˛ƒÓ˚ çöƒ•z ï˛yˆÏÓ˚Ó˚ Ü˛¡õö ÓçyÎ˚ ÌyˆÏÜ˛ñ Ü˛yÓ˚î !fliï˛#Î˚ â£Ï≈î Ó° ï˛yˆÏÓ˚Ó˚ Ä˛õÓ˚ ˆÓ!¢

Ü˛yç Ü˛ˆÏÓ˚–

ˆ˛õy!£Ïï˛ Ü˛¡õˆÏöÓ˚ !ÓˆÏ¢£Ïc=!° ~ÓyÓ˚ xyˆÏ°yã˛öy Ü˛Ó˚y ÎyÜ˛–

ˆ˛õy!£Ïï˛ Ü˛¡õˆÏöÓ˚ !ÓˆÏ¢£Ïc ≠ˆ˛õy!£Ïï˛ Ü˛¡õˆÏöÓ˚ !ÓˆÏ¢£Ïc ≠ˆ˛õy!£Ïï˛ Ü˛¡õˆÏöÓ˚ !ÓˆÏ¢£Ïc ≠ˆ˛õy!£Ïï˛ Ü˛¡õˆÏöÓ˚ !ÓˆÏ¢£Ïc ≠ˆ˛õy!£Ïï˛ Ü˛¡õˆÏöÓ˚ !ÓˆÏ¢£Ïc ≠

(i) ≤ÃÎ%_´ ÓˆÏ°Ó˚ Ü˛¡õyB˛ ï˛yˆÏÓ˚Ó˚ !öçfl∫ Ü˛¡õyˆÏB˛Ó˚ myÓ˚y•z !öÎ˚!sfï˛ •Î˚–

(ii) ≤ÃÎ%_´ Ó° ï˛sfˆÏÜ˛ ˆÎ •yˆÏÓ˚ ¢!_´Ó˚ ˆÎyàyö ˆòÎ˚ ï˛y ¢!_´Ó˚ xÓ«˛ˆÏÎ˚Ó˚ •yˆÏÓ˚Ó˚ §üyö–

(iii) x!Ó!FåÈß¨ï˛yÓ˚ §)e ˆÌˆÏÜ˛ Ó°ˆÏï˛ ˛õyÓ˚y ÎyÎ˚ ˆÎñ ï˛ˆÏsfÓ˚ Ü˛¡õö ã˛°yÜ˛y°#ö ¢!_´Ó˚ §Ó˚ÓÓ˚yˆÏ•Ó˚ •yˆÏÓ˚

•ë˛yÍ ˆÜ˛yöÄ ˛õ!Ó˚Óï≈˛ö âê˛ˆÏï˛ ˛õyˆÏÓ˚ öy–
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9.5.1 ˆ•°‰ü‰ˆÏ•y°Í§‰ÙÈ~Ó˚ §)e ≠ˆ•°‰ü‰ˆÏ•y°Í§‰ÙÈ~Ó˚ §)e ≠ˆ•°‰ü‰ˆÏ•y°Í§‰ÙÈ~Ó˚ §)e ≠ˆ•°‰ü‰ˆÏ•y°Í§‰ÙÈ~Ó˚ §)e ≠ˆ•°‰ü‰ˆÏ•y°Í§‰ÙÈ~Ó˚ §)e ≠

åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ à!ï˛Ó˚ !Ó£ÏˆÏÎ˚ !ÓK˛yö# ˆ•°ü‰ˆÏ•y°Í§‰ÈÙÈ~Ó˚ !ï˛ö!ê˛ §)e xyˆÏåÈ– §)e=!° ~•z ≤ÃÜ˛yÓ˚≠

≤ÃÌü §)e ÈÙÙÙÈ ≤ÃÌü §)e ÈÙÙÙÈ ≤ÃÌü §)e ÈÙÙÙÈ ≤ÃÌü §)e ÈÙÙÙÈ ≤ÃÌü §)e ÈÙÙÙÈ åÈˆÏí˛¸Ó˚ §ÇflõˆÏ¢≈ ï˛yˆÏÓ˚Ó˚ !Ó®%!ê˛Ó˚ x@ˇÃà!ï˛Ó˚ ˆÓà åÈˆÏí˛¸Ó˚ à!ï˛ˆÏÓˆÏàÓ˚ §üyö–

!ÓK˛yö# Ó˚üˆÏîÓ˚ Î%!_´ xö%ÎyÎ˚#ñ ˆÎˆÏ•ï%˛ ï˛yˆÏÓ˚Ó˚ Ü˛¡õö åÈˆÏí˛¸Ó˚ myÓ˚y §,‹Tñ xï˛~Ó ï˛yˆÏÓ˚Ó˚ §ß√%á à!ï˛Ó˚ §üˆÏÎ˚

åÈí˛¸ ˆÌˆÏÜ˛ ï˛yˆÏÓ˚ ¢!_´ §Ó˚ÓÓ˚yˆÏ•Ó˚ •yÓ˚ ï˛yÓ˚!ê˛ !˛õåÈˆÏ° !˛õåÈˆÏöÓ˚ !òˆÏÜ˛ ÎyÄÎ˚yÓ˚ §üˆÏÎ˚Ó˚ •yˆÏÓ˚Ó˚ §üyö– ï˛yˆÏÓ˚Ó˚

ˆÎ !Ó®%!ê˛ åÈˆÏí˛¸Ó˚ §ÇflõˆÏ¢≈ ÌyˆÏÜ˛ ï˛yÓ˚ §ß√%á à!ï˛ˆÏÓà Î!ò åÈˆÏí˛¸Ó˚ à!ï˛ˆÏÓˆÏàÓ˚ Ü˛ü •ï˛ ï˛y•ˆÏ° ï˛yˆÏòÓ˚ üˆÏôƒ

~Ü˛!ê˛ xyˆÏ˛õ!«˛Ü˛ ˆÓà §,!‹T •ï˛ ~ÓÇ ï˛yÓ˚ ú˛ˆÏ° ò%•z ~Ó˚ üˆÏôƒ àï˛#Î˚ â£Ï≈î ˜ï˛!Ó˚ •ï˛– ï˛yˆÏÓ˚Ó˚ !˛õåÈˆÏöÓ˚ !òˆÏÜ˛

!˛õåÈˆÏ° ˛õí˛¸yÓ˚ §üÎ˚ ~•z xyˆÏ˛õ!«˛Ü˛ ˆÓˆÏàÓ˚ •ë˛yÍ ˛õ!Ó˚Óï≈˛ö âê˛ï˛ ~ÓÇ â£Ï≈î ÓˆÏ°Ó˚Ä •ë˛yÍ â£Ï≈î ÓˆÏ°Ó˚Ä

•ë˛yÍ ˛õ!Ó˚Óï≈˛ö •ï˛– ú˛ˆÏ° ¢!_´ §Ó˚ÓÓ˚yˆÏ•Ó˚ •yˆÏÓ˚Ó˚ §üï˛y ÓçyÎ˚ ÌyÜ˛ï˛ öy– ~ˆÏï˛ ˆ˛õy!£Ïï˛ Ü˛¡õˆÏöÓ˚ ü)°ö#!ï˛

xÌ≈yÍ ¢!_´ §Ó˚ÓÓ˚yˆÏ•Ó˚ •yˆÏÓ˚Ó˚ §üï˛y °!Aâï˛ •ˆÏÓ– §%ï˛Ó˚yÇñ ï˛yˆÏÓ˚Ó˚ x@ˇÃà!ï˛Ó˚ §üˆÏÎ˚ åÈˆÏí˛¸Ó˚ à!ï˛ˆÏÓà Ä

ï˛yˆÏÓ˚Ó˚ flõ¢≈!Ó®%Ó˚ à!ï˛ˆÏÓà §üyö •ˆÏÓ ÎyˆÏï˛ í˛zû˛ˆÏÎ˚Ó˚ üˆÏôƒ !fliï˛#Î˚ â£Ï≈î Ü˛yç Ü˛ˆÏÓ˚–

!mï˛#Î˚ §)e ÈÙÙÙÈ !mï˛#Î˚ §)e ÈÙÙÙÈ !mï˛#Î˚ §)e ÈÙÙÙÈ !mï˛#Î˚ §)e ÈÙÙÙÈ !mï˛#Î˚ §)e ÈÙÙÙÈ ̂ Ü˛yöÄ ê˛yöy ï˛yˆÏÓ˚Ó˚ ˆÜ˛yöÄ ~Ü˛!ê˛ ≤ÃyˆÏhsˇ Î!ò åÈí˛¸ !òˆÏÎ˚ Ü˛¡õö âê˛yˆÏöy ÎyÎ˚ ï˛y•ˆÏ° Ü˛!¡õï˛

!Ó®%Ó˚ x@ˇÃ Ä ˛õÿ˛yò‰àyü# à!ï˛ˆÏÓàñ ò%!ê˛•z !fliÓ˚ ÌyˆÏÜ˛ ~ÓÇ ˆÓà ò%!ê˛Ó˚ xö%˛õyï˛ åÈí˛¸!ê˛ ï˛yÓ˚!ê˛ˆÏÜ˛ ˆÎ ò%!ê˛ áˆÏ[˛

!Óû˛_´ Ü˛ˆÏÓ˚ˆÏåÈ ï˛yˆÏòÓ˚ ˜òˆÏâ≈ƒÓ˚ xö%˛õyˆÏï˛Ó˚ §üyö •Î˚– §Çflõ¢≈ !Ó®%Ó˚ §Ó˚î §üÎ˚ ˆ°á!ã˛e!ê˛ ˛õÎ≈yÓ,_ ~ÓÇ

Ü˛Ó˚yˆÏï˛Ó˚ òyÑˆÏï˛Ó˚ üï˛ ò%!ê˛ ôyˆÏ˛õ xÑyÜ˛yÓyÑÜ˛y •Î˚ S!ã˛e 9.4V– ˆ°á!ã˛ˆÏeÓ˚ AB xÇ¢ §Çflõ¢≈ !Ó®%Ó˚ x@ˇÃà!ï˛

~ÓÇ BC xÇ¢ ˙ !Ó®%Ó˚ ˛õÿ˛yÍà!ï˛ !öˆÏò≈¢ Ü˛ˆÏÓ˚ˆÏåÈ– !ã˛ˆÏe x@ˇÃà!ï˛Ó˚ ˆÓà v1 =        = tan

θ

1 ~ÓÇ

˛õÿ˛yÍà!ï˛Ó˚ ˆÓà v
2
 =        = tan

θ

2

ò%•z ˆÓˆÏàÓ˚ xö%˛õyï˛ñ

1

2

/
/

vBDADBE
vECBEAD

==

ˆÜ˛ööy BD = EC

ò)Ó˚c

§üÎ˚ò)Ó˚c

§üÎ˚
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!ã˛e 9.4 - ï˛yˆÏÓ˚Ó˚ §Çflõ¢≈ ï˛yˆÏÓ˚Ó˚ !Ó®%Ó˚ §üÎ˚ §Ó˚î ˆ°á–

Î!ò ~Ü˛≤Ãyhsˇ ˆÌˆÏÜ˛ ï˛yˆÏÓ˚Ó˚ §Çflõ¢≈ !Ó®%Ó˚ ò)Ó˚c a ~ÓÇ xöƒ≤Ãyhsˇ ˆÌˆÏÜ˛ l – a (l = ï˛yˆÏÓ˚Ó˚ ˜òâ≈ƒV •Î˚ñ

ï˛ˆÏÓ ˆ•°‰ü‰ˆÏ•y°Í§ ÈÙÈ ~Ó˚ !mï˛#Î˚ §)e xö%ÎyÎ˚#
1

2

v a
v l a

=
− – ~•z xö%˛õyï˛ 9.4 !ã˛ˆÏeÓ˚ 

BE
AD

 xö%˛õyˆÏï˛Ó˚ §üyö

•Î˚–

ï,˛ï˛#Î˚ §)e ÈÙÙÙÈ ï,˛ï˛#Î˚ §)e ÈÙÙÙÈ ï,˛ï˛#Î˚ §)e ÈÙÙÙÈ ï,˛ï˛#Î˚ §)e ÈÙÙÙÈ ï,˛ï˛#Î˚ §)e ÈÙÙÙÈ ~Ü˛•zû˛yˆÏÓ åÈí˛¸ ê˛yöy •ˆÏ° ï˛yˆÏÓ˚Ó˚ ˆÎ ˆÜ˛yöÄ !Ó®%Ó˚ x@ˇÃà!ï˛ ~ÓÇ ˛õÿ˛yÍà!ï˛Ó˚ ˆÓˆÏàÓ˚

ˆÎyàú˛° v1 + v2 ~Ü˛!ê˛ !fliÓ ̊ Ó˚y!¢ ~ÓÇ ~•z §Çáƒy!ê˛ x-~Ó˚ í˛z˛õÓ˚ !öû≈˛Ó˚¢#° öÎ˚–

9.5.2 åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ çöƒ ˆ•°ü‰ˆÏ•y°Í§‰ ÈÙÈ ~Ó˚ ï˛_¥åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ çöƒ ˆ•°ü‰ˆÏ•y°Í§‰ ÈÙÈ ~Ó˚ ï˛_¥åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ çöƒ ˆ•°ü‰ˆÏ•y°Í§‰ ÈÙÈ ~Ó˚ ï˛_¥åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ çöƒ ˆ•°ü‰ˆÏ•y°Í§‰ ÈÙÈ ~Ó˚ ï˛_¥åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ çöƒ ˆ•°ü‰ˆÏ•y°Í§‰ ÈÙÈ ~Ó˚ ï˛_¥

ôÓ˚y ÎyÜ˛ñ l ˜òˆÏâ≈ƒÓ˚ ~ÓÇ 

ρ

 ˜Ó˚!áÜ˛ âöˆÏcÓ˚ ~Ü˛!ê˛ ï˛yÓ˚ˆÏÜ˛ ò%•z≤Ãyhsˇ x = 0 ~ÓÇ x = l - ~ xyê˛Ü˛yˆÏöy

•° ~ÓÇ T ÓˆÏ° ê˛yö Ü˛ˆÏÓ˚ Ó˚yáy •°– ~áö ~•z ï˛yÓ˚!ê˛ˆÏÜ˛ x = a !Ó®%ˆÏï˛ åÈí˛¸ ˆê˛ˆÏö flõ!®ï˛ Ü˛Ó˚y •°–

~Ó˚ ú˛ˆÏ° ˆÎ xö%≤Ãfli ï˛Ó˚ˆÏDÓ˚ §,!‹T •ˆÏÓ ï˛yÓ˚ ˆÓà •ˆÏÓ ≠

T c
ρ

=

       (9.1 §ü#Ü˛Ó˚î xö%ÎyÎ˚#)

~ˆÏ«˛ˆÏeÄ xyüÓ˚y Ü˛!¡õï˛ ï˛yˆÏÓ˚Ó˚ ˆÎ xÓÜ˛° §ü#Ü˛Ó˚î ˛õyÓ S§ü#Ü˛Ó˚î 9.1), ï˛yÓ˚ §yôyÓ˚î §üyôyö 9.7

§ü#Ü˛Ó˚ˆÏîÓ˚ xö%Ó˚*˛õ •ˆÏÓ ≠

sin cos sins s
s

s x s ct s cty A B
l l l
π π π⎡ ⎤= +⎢ ⎥⎣ ⎦∑

ˆÎ ˆÜ˛yöÄ !Ó®%ˆÏï˛ ï˛yˆÏÓ˚Ó˚ xö%≤Ãfli ˆÓà •ˆÏÓ ≠

D
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sin · · sin cos⎛ ⎞= − +⎜ ⎟⎝ ⎠∑ s s
s

s x s c s ct s cty A B
l l l l
π π π π

...9.26

~áö xyüyˆÏòÓ˚ A
s
 Ä B

s
 ô &ÓÜ˛=!°Ó˚ üyö çyöˆÏï˛ •ˆÏÓ– 9.26 §ü#Ü˛Ó˚ˆÏîÓ˚ í˛zû˛Î˚ !òÜ˛ˆÏÜ˛ sin

s ct
l

π
dt

!òˆÏÎ˚ =î Ü˛ˆÏÓ˚ ï˛yˆÏÓ˚Ó˚ ü)°§%ˆÏÓ˚Ó˚ ~Ü˛ ˛õÎ≈yÎ˚Ü˛y° xÌ≈yÍ t = 0 ˆÌ Ï̂Ü˛ t = T §#üyÓ˚ üˆÏôƒ §üyÜ˛°ö Ü˛Ó˚ˆÏ°

˛õyÄÎ˚y ÎyˆÏÓ ≠

0
0

sinsin·sincossin ⎛⎞ =−+ ⎜⎟ ⎝⎠ ∑ ∫∫
T T

ss
s

sctsxscsctsctsct ydtAB
llllll
ππππππ

= – As
 sin ·

2
⎛ ⎞
⎜ ⎟⎝ ⎠

s x s c T
l l
π π

= – A
s
 sπ sin 

sx
l
π

ˆÜ˛ööy cT = 2l

Î!ò ôÓ˚y ÎyÎ˚ñ ï˛yˆÏÓ˚Ó˚ x@ˇÃà!ï˛Ó˚ §üˆÏÎ˚ t = 0 ˆÌˆÏÜ˛ t = 

τ

˛õÎ≈hsˇ 

1 yv =

~ÓÇ ˛õ¢˘ã˛yÍà!ï˛Ó˚ §üˆÏÎ˚ t

=

τ

ˆÌˆÏÜ˛ t =T ˛õÎ≈hsˇ 

2 yv =−

,  ï˛ˆÏÓ

12
00

sinsinsin
TT

r

sctsctsct ydtvdtvdt
lll

τ
πππ =− ∫∫∫

= 1 2cos 1 1 cosv l v ls s c
s c l s c l

πτ π τ
π π

⎛ ⎞ ⎛ ⎞− − + −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

= 

() 121cos
vvlsc

scl
πτ

π
+⎛⎞ − ⎜⎟ ⎝⎠

= 

() 122 2
sin

2
vvlsc

scl
πτ

π
+

∴ A
s
 sin 

() 122
22sin

2
vvT sxsc

ll s
ππτ

π
+

=−

...9.27(a)

~ÓyÓ˚ y  ˆÜ˛ cos

sct
l
π

dt !òˆÏÎ˚ =î Ü˛ˆÏÓ˚ xyˆÏàÓ˚ üï˛ §üyÜ˛°ö Ü˛ÏÓ˚ˆÏ° ˛õyÄÎ˚y ÎyˆÏÓ ≠

00

cossin·sincoscos ⎛⎞ =−+ ⎜⎟ ⎝⎠ ∑ ∫∫
TT

ss
s

sctsxscsctscts ydtAB
llllll
ππππππ
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= Bs sin · ·
2

s x s c T
l l
π π

= Bs sπ sin

sx
l
π

xyˆÏàÓ˚ üï˛ 

y

 ~Ó˚ üyö ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ñ

12
00

coscoscos
TT

sctsctsct ydtvdtvdt
lll

τ

τ

πππ =− ∫∫∫

= 1 2sin sinv l v ls c s c
s c l s c l

π τ π τ
π π

+

= 
( )1 22

sin cos
2 2

v v l s c s c
s c l l

π τ π τ
π
+

∴ B
s
 sin

() 12
22

2
sincos

22
vvl sxscsc

lll sc
ππτπτ

π
+

=

= 
( )1 2

2 2 sin cos
2 2

v v T s c s c
l ls

π τ π τ
π

+
...9.27(b)

§%ï˛Ó˚yÇñ y = 
( ) ( )1 2 1 22

2 2 2 2sin · cos sin cos sin
2 · 2 2

⎡ ⎤+ +
− +⎢ ⎥

⎢ ⎥⎣ ⎦
∑

s

v v T v v Ts c s ct s c s c s ct
l l l l ls s

π τ π π τ π τ π
π π

= 
( )1 2

2 2
1 · sin sin cos cos sin

2 2 2
+ ⎛ ⎞−⎜ ⎟⎝ ⎠∑

s

v v T s c s ct s c s ct s c
l l l l ls

π τ π π τ π π τ
π

xÌ≈yÍ y  = 
( )1 2

2 2
1 sin sin

2 2s

v v s c s cT t
l ls

π τ π τ
π
+ ⎛ ⎞−⎜ ⎟⎝ ⎠∑ ...9.28

ˆ•°‰ü‰ˆÏ•y°ÍˆÏ§Ó˚ §)e ˆÌˆÏÜ˛ xyüÓ˚y çy!ö ˆÎñ ï˛yˆÏÓ˚Ó˚ ˛õ!Ó˚°!«˛ï˛ !Ó®%Ó˚ fliyöyB˛ x ~ÓÇ ï˛yˆÏÓ˚Ó˚ x@ˇÃà!ï˛Ó˚

§üÎ˚τ ˛õÓ˚flõÓ˚ ˜Ó˚!áÜ˛û˛yˆÏÓ §¡õ!Ü≈˛ï˛– Îáö 

sx
l
π

= 0, 

π

, 2

π

 •zï˛ƒy!òÓ˚ §üyö •Î˚ ï˛áö As sin 

sx
l
π

~ÓÇ B
s
 s sin 

sx
l
π

 Ó˚y!¢=!°Ó˚ üyö ¢)öƒ •Î˚– xyÓyÓ˚ Îáö 

2
sc

l
πτ

= 0, 

π

, 2

π

•zï˛ƒy!ò •Î˚ ï˛áöÄ 9.28

§ü#Ü˛Ó˚ˆÏîÓ˚ í˛yö!òÜ˛ ¢)öƒ •ˆÏÓ– ˆÎˆÏ•ï%˛ ~=!° ˆÜ˛yöÄ !û˛ß¨ ¢ï≈˛ •ˆÏï˛ ˛õyˆÏÓ˚ öyñ xï˛~Ó xyüÓ˚y 

2
sc

l
πτ

~Ó˚
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fliyˆÏö 

sx
l
π

 !°áˆÏï˛ ˛õy!Ó˚– ~åÈyí˛¸y xyüÓ˚y Î!ò §üÎ˚ àîöyÓ˚  ü%•)ï≈˛!ê˛ 

2
τ

˛õ!Ó˚üyˆÏî ~!àˆÏÎ˚ !ò•z ï˛ˆÏÓ t – 

2
τ

~Ó˚

fliyˆÏö t ˆ°áy ˆÎˆÏï˛ ˛õyˆÏÓ˚– ~•z ˛õ!Ó˚Óï≈˛ö=!°Ó˚ ˛õÓ˚ 9.28 §ü#Ü˛Ó˚îˆÏÜ˛ ˆ°áy ÎyˆÏÓ ≠

y = 

() 12
22

1sinsin
s

vvTsxsct
ll s
ππ

π
+∑

...9.29

xÌÓyñ y = sins
s

s cta
l

π∑ ...9.30

ˆÎáyˆÏöñ a
s
 = 

( )1 2
2 2

1· · sin
+v v T s x

ls
π

π
...9.31

~áö xy˛õ!ö Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚Ó˚ 9.18 §ü#Ü˛Ó˚î Ä xy•ï˛ ï˛yˆÏÓ˚Ó˚ 9.23 §ü#Ü˛Ó˚ˆÏîÓ˚ §ˆÏD åÈí˛¸ ê˛yöy ï˛yˆÏÓ˚Ó˚

9.29 §ü#Ü˛Ó˚ˆÏîÓ˚ ï%˛°öy Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ö– °«˛ƒ Ü˛ˆÏÓ˚ ˆòá%öñ åÈí˛¸ ê˛yöy ï˛yÓ˚ ~ÓÇ Ü˛!£Ï≈ï˛ ï˛yÓ˚ÈÙÙÙÈí˛zû˛Î˚ ˆ«˛ˆÏe•z

§üˆÏü°=!°Ó˚ !ÓhflÏyÓ˚ 

2
1
s

~Ó˚ §üyö%˛õyï˛#– ï˛ˆÏÓ Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚Ó˚ ˆ«˛ˆÏe Ü˛£Ï≈ˆÏîÓ˚ !Ó®%!ê˛Ó˚ fliyöyB˛ Îï˛ê˛y =Ó˚&c˛õ)î≈

åÈí˛¸ ê˛yöy ï˛yˆÏÓ˚Ó˚ ˆ«˛ˆÏe åÈˆÏí˛¸Ó˚ §ÇflõˆÏ¢≈ ÌyÜ˛y !Ó®%!ê˛Ó˚ fliyöyB˛ ï˛ï˛ê˛y =Ó˚&c˛õ)î≈ öÎ˚–

~ÓyÓ˚ åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ !Ó£ÏˆÏÎ˚ ~Ü˛!ê˛ xö%¢#°ö#Ó˚ í˛z_Ó˚ !òö–

xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# - 4

!öˆÏã˛Ó˚ í˛z!_´=!°Ó˚ üˆÏôƒ ˆÎ=!° §ï˛ƒ ˆ§=!°Ó˚ ˛õyˆÏ¢ Ú§Û ~ÓÇ ˆÎ=!° !üÌƒy ˆ§=!°Ó˚ ˛õyˆÏ¢ Ú!üÛ !°á%ö–

(a) åí˛¸ê˛yöy ï˛yˆÏÓ˚ !fliï˛#Î˚ â£Ï≈ˆÏîÓ˚ ˆÜ˛yöÄ û)˛!üÜ˛y ˆö•z– 

(b) åÈí˛¸!ê˛ o&ï˛à!ï˛ˆÏï˛ ê˛yöy •ˆÏ° Ü˛¡õˆÏöÓ˚ !ÓhflÏyÓ˚ ÓyˆÏí˛¸– 

(c) åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ s ï˛ü §üˆÏüˆÏ°Ó˚ !ÓhflÏyÓ˚ s–2 ~Ó˚ §üyö%˛õyï˛#– 

(d) åÈí˛¸ê˛yöyÓ˚ §üÎ˚ åÈˆÏí˛¸Ó˚ §ÇflõˆÏ¢≈ ÌyÜ˛y !Ó®%Ó˚ x@ˇÃà!ï˛ Ä ˛õÿ˛yÍà!ï˛ §Ó≈òy•z §üyö •Î˚– 

(e) åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ Ü˛¡õöˆÏÜ˛ ≤ÃˆÏîy!òï˛ Ü˛¡õö Ó°y ÎyÎ˚– 

(f) ˆ˛õy!£Ïï˛ Ü˛¡õˆÏö Óy•zˆÏÓ˚ ˆÌˆÏÜ˛ ¢!_´Ó˚ ˆÎyàyö ≤ÃˆÏÎ˚yçö •Î˚– 

(g) ~Ü˛•z ï˛yÓ˚ Ü˛!£Ï≈ï˛ •ˆÏ° ï˛yÓ˚ ˆÎ ü%°§%Ó˚ •Î˚ñ åÈí˛¸ê˛yöy •ˆÏ° ˆ§•z ü)°§%Ó˚ •Î˚ öy– 

9.6 §yÓ˚yÇ¢§yÓ˚yÇ¢§yÓ˚yÇ¢§yÓ˚yÇ¢§yÓ˚yÇ¢

~•z ~Ü˛ˆÏÜ˛ xyüÓ˚y ò%•z ≤Ãyhsˇ xyÓk˛ ~üö ê˛yö !òˆÏÎ˚ Ó˚yáy ï˛yˆÏÓ˚Ó˚ Ü˛¡õö §¡∫ˆÏ¶˛ xyˆÏ°yã˛öy Ü˛ˆÏÓ˚!åÈ–

≤ÃÌˆÏü•zñ ~ ôÓ˚ˆÏöÓ˚ ï˛yˆÏÓ˚ xö%≤Ãfli §Ó˚ˆÏîÓ˚ ï˛Ó˚D §ü#Ü˛Ó˚î!ê˛ ≤Ã!ï˛¤˛y Ü˛ˆÏÓ˚ ï˛yÓ˚ §yôyÓ˚î §üyôyö ÓyÓ˚ Ü˛Ó˚y

•ˆÏÎ˚ˆÏåÈ ~ÓÇ ~•z §üyôyˆÏöÓ˚ §y•yˆÏÎƒ ï˛Ó˚D!ê˛Ó˚ à!ï˛¢!_´ ~ÓÇ !fli!ï˛¢!_´Ó˚ üyö !öî≈Î˚ Ü˛Ó˚y •ˆÏÎ˚ˆÏåÈ–
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~Ó˚˛õÓ˚ xyüÓ˚y ê˛yö !òˆÏÎ˚ Ó˚yáy ï˛yˆÏÓ˚ !Ó!û˛ß¨ ˛õk˛!ï˛ˆÏï˛ í˛zÍ˛õß¨ Ü˛¡õˆÏöÓ˚ ày!î!ï˛Ü˛ !ÓˆÏŸ’£Ïî Ü˛ˆÏÓ˚!åÈ ~ÓÇ

ˆ§=!°Ó˚ ã˛!Ó˚eàï˛ ˜Ó!¢ˆÏ‹TƒÓ˚ xyˆÏ°yã˛öy Ü˛ˆÏÓ˚!åÈ– ày!î!ï˛Ü˛ !ÓˆÏŸ’£ÏˆÏîÓ˚ ü)° °«˛ƒ ï˛yˆÏÓ˚Ó˚ §#üy¢ï≈˛=!°Ó˚

≤ÃˆÏÎ˚yà ~ÓÇ ï˛yÓ˚ myÓ˚y ï˛yˆÏÓ˚Ó˚ §üÎ˚ÈÙÈ§Ó˚î §ü#Ü˛Ó˚î !öî≈Î˚–

ê˛yöy ï˛yˆÏÓ˚Ó˚ Ü˛¡õö !ï˛ö ≤ÃÜ˛yˆÏÓ˚ §,!‹T Ü˛Ó˚y ÎyÎ˚– ~=!° •° (i) Ü˛£Ï≈ˆÏöÓ˚ myÓ˚yñ xÌ≈yÍ ï˛yˆÏÓ˚Ó˚ ~Ü˛!ê˛ !Ó®%ˆÏÜ˛

˛õyˆÏ¢Ó˚ !òˆÏÜ˛ ˆê˛ˆÏö ôˆÏÓ˚ ~ÓÇ ï˛yÓ˚˛õÓ˚ !fliÓ˚ xÓfliy ˆÌˆÏÜ˛ ˆåÈˆÏí˛¸ !òˆÏÎ˚ó (ii) xyâyˆÏï˛Ó˚ myÓ˚y xÌ≈yÍ •yï%˛!í˛¸

Óy ˙ çyï˛#Î˚ ˆÜ˛yöÄ Ó›Ó˚ myÓ˚y ï˛yˆÏÓ˚Ó˚ ˆÜ˛yöÄ !Ó®%ˆÏï˛ xyâyï˛ Ü˛ˆÏÓ˚ ~ÓÇ (iii) åÈí˛¸ ˆê˛ˆÏöñ xÌ≈yÍ ˆÓ•y°y

≤Ãû,˛!ï˛ ÓyòƒÎˆÏsf ÓƒÓ•*ï˛ åÈí˛¸ˆÏÜ˛ ï˛yˆÏÓ˚Ó˚ í˛z˛õÓ˚ ã˛y˛õ !òˆÏÎ˚ ôˆÏÓ˚ ï˛yˆÏÓ˚Ó˚ §ˆÏD §üˆÏÜ˛yˆÏî ˆê˛ˆÏö– ~•z !ï˛ö ˛õk˛!ï˛Ó˚

ˆ«˛ˆÏe xyüÓ˚y ˆÎ §üÎ˚ÈÙÈ§Ó˚î §ü#Ü˛Ó˚î ˆ˛õˆÏÎ˚!åÈ ˆ§=!° •° ≠

Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚Ó˚ ˆ«˛ˆÏe ≠ y = 

()
2

22
21sinsincos

s

hlsasxsct
lll alas
πππ

π−∑

...(§ü#Ü˛Ó˚î 9.18)

xy•ï˛ ï˛yˆÏÓ˚Ó˚ ˆ«˛ˆÏe ≠ y = 
2 1 sin sin sin

s

p s a s x s ct
c s l l l

π π π
π ρ ∑ ...(§ü#Ü˛Ó˚î 9.23)

åÈí˛¸ê˛yöy ï˛yˆÏÓ˚Ó˚ ˆ«˛ˆÏe ≠ y = 
( )1 2

2 2
1 sin sin

s

v v T s x s ct
l ls
π π

π
+ ∑ ...(§ü#Ü˛Ó˚î 9.29)

!ï˛ö!ê˛ ˆ«˛ˆÏeÓ˚ Ó˚y!¢üy°y=!°ˆÏï˛ ˆÎ ≤Ãï˛#Ü˛=!° ÓƒÓ•*ï˛ •ˆÏÎ˚ˆÏåÈ ˆ§=!°Ó˚ xÌ≈ ˛õyë˛ƒyÇˆÏ¢Ó˚ üˆÏôƒ ˆòÄÎ˚y

•ˆÏÎ˚ˆÏåÈ– ~•z §üÎ˚ÈÙÈ§Ó˚î §ü#Ü˛Ó˚î=!°Ó˚ §y•yˆÏÎƒ ê˛yöy ï˛yˆÏÓ˚Ó˚ !Ó!û˛ß¨ í˛z˛õyˆÏÎ˚ §,‹T Ü˛¡õˆÏöÓ˚ !Ü˛å%È ˜Ó!¢‹Tƒ

xyüÓ˚y xyˆÏ°yã˛öy Ü˛ˆÏÓ˚!åÈ– ~=!°Ó˚ §y•yˆÏÎƒ xy˛õ!ö !ï˛ö ˛õk˛!ï˛ˆÏï˛ í˛zj#!˛õï˛ Ü˛¡õˆÏöÓ˚ ï%˛°öyü)°Ü˛

xyˆÏ°yã˛öyÄ Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓö–

9.7 §Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#

1. ê˛yö ˆòÄÎ˚y ï˛yˆÏÓ˚ xö%≤Ãfli ï˛Ó˚ˆÏDÓ˚ §ü#Ü˛Ó˚î!ê˛ ≤Ã!ï˛¤˛y Ü˛Ó˚&ö ~ÓÇ ˆ§!ê˛Ó˚ §yôyÓ˚î §üyôyö !öî≈Î˚ Ü˛Ó˚&ö–

2. ê˛yöy ï˛yˆÏÓ˚Ó˚ à!ï˛¢!_´ Ä !fli!ï˛¢!_´Ó˚ Ó˚y!¢üy°y !öî≈Î˚ Ü˛Ó˚&ö– ˆòáyö ˆÎñ ˆüyê˛ Îy!sfï˛ ¢!_´ §üˆÏÎ˚Ó˚

§ˆÏD ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚ öy–

3. Ü˛!£Ï≈ï˛ ï˛yˆÏÓ˚Ó˚ §üÎ˚ÈÙÈ§Ó˚î §ü#Ü˛Ó˚î !öî≈Î˚ Ü˛Ó˚&ö ~ÓÇ ~Ó˚ ˆÌˆÏÜ˛ •zÎ˚Ç ˆ•°‰ü‰ˆÏ•y°Í§‰ §)e!ê˛ Ó%!é˛ˆÏÎ˚

!òö–

4. ê˛yöy ï˛yˆÏÓ˚Ó˚ §Ó˚ˆÏîÓ˚ §yôyÓ˚î §ü#Ü˛Ó˚î ≠

y (x, t) = cos sin sins s
s

s ct s ct s xA B
l l l

π π π⎡ ⎤+⎢ ⎥⎣ ⎦∑

ôˆÏÓ˚ !öˆÏÎ˚ xy•ï˛ ï˛yˆÏÓ˚Ó˚ §üÎ˚ÈÙÈ§Ó˚î §ü#Ü˛Ó˚î!ê˛ ≤Ã!ï˛!¤˛ï˛ Ü˛Ó˚&ö–
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5. åÈí˛¸ ê˛yöy ï˛yˆÏÓ˚Ó˚ Ü˛¡õˆÏö åÈí˛¸ Ä ï˛yˆÏÓ˚Ó˚ üˆÏôƒ àï˛#Î˚ Ä !fliï˛#Î˚ â£Ï≈î ÓˆÏ°Ó˚ û)˛!üÜ˛y xyˆÏ°yã˛öy Ü˛Ó˚&ö–

6. åÈí˛¸ ê˛yöy ï˛yˆÏÓ˚Ó˚ §üÎ˚ §Ó˚î §ü#Ü˛Ó˚î!ê˛ ≤Ã!ï˛!¤˛ï˛ Ü˛Ó˚&ö–

9.8 í˛z_Ó˚üy°yí˛z_Ó˚üy°yí˛z_Ó˚üy°yí˛z_Ó˚üy°yí˛z_Ó˚üy°y

xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#

1. 9.7 §ü#Ü˛Ó˚ˆÏî !mï˛#Î˚ §üˆÏüˆÏ°Ó˚ çöƒ s-~Ó˚ üyö ˆÜ˛Ó°üye 2 ôÓ˚ˆÏ° ˆòáy ÎyÎ˚ñ

y = 2 2
2 2 2cos sin sinct ct xA B

l l l
π π π⎛ ⎞+⎜ ⎟⎝ ⎠

ˆÎˆÏ•ï%˛ t = 0 §üˆÏÎ˚ §Ó˚ˆÏîÓ˚ üyö §Ó≈e ¢)öƒñ A
2
 = 0

~ˆÏ«˛ˆÏe ê˛yö T = 1 × 9·8 = 9·8N

ï˛yˆÏÓ˚Ó˚ ˜Ó˚!áÜ˛ âöc ρ = 

3 2·210
1·1

− ×

2 × 10–3kgm–1

∴ ï˛yˆÏÓ˚Ó˚ ï˛Ó˚ˆÏDÓ˚ ˆÓà c = 

1
2

3
9·8

210
T
ρ−

⎛⎞ =⎜⎟ × ⎝⎠

= 70ms–1

§ˆÏÓ≈yFã˛ §Ó˚î B
2
 = 2mm

§%ï˛Ó˚yÇñ y =  2sin

2·702 sin
1·11·1

x t ππ

              = 2sin400t sin5·71x mm

2. 9.18 §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ ˛õyÄÎ˚y ÎyÎ˚ñ x = a !Ó®%ˆÏï˛ ï˛yÓ˚!ê˛ˆÏÜ˛ Ü˛£Ï≈î Ü˛Ó˚y •ˆÏ° ˆÎ ˆÜ˛yöÄ !Ó®%ˆÏï˛ !ÓhflÏyÓ˚

as = 

()
2

22
21sinsin hlsasx

ll alas
ππ

π
×

−

ï˛yÓ˚!ê˛ˆÏÜ˛ 4
l

 ò)Ó˚ˆÏc Ü˛£Ï≈î Ü˛Ó˚y •ˆÏ° a = 

4
l

xï˛~Óñ a
sm

= 

22
321sin

4
hs

s
π

π
×

– ˆÎˆÏ•ï%˛ s = 4, 8, 12,....•zï˛ƒy!ò •ˆÏ° sin
4
sπ

= 0 •Î˚ñ Ü˛yˆÏç•z a
sm

=

0 •ˆÏÓñ ã˛ï%˛Ì≈ñ x‹Tüñ myò¢ •zï˛ƒy!ò §%ˆÏÓ˚–

3(a) §ü#Ü˛Ó˚î 9.24 ˆÌˆÏÜ˛ ˆÎ ˆÜ˛yöÄ !Ó®%ˆÏï˛ !ÓhflÏyÓ˚ ≠

as= 

21··sinsin sasx
csll

ρππ
πρ
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§ˆÏÓ≈yFã˛ !ÓhflÏyˆÏÓ˚Ó˚ üyö ≠

a
sm

 = 2 1 sinp s a
rc s l

π
π ρ

  (Îáö x = 
3,

2 2
l l
s s

•zï˛ƒy!òV–

Î!ò ï˛yÓ˚!ê˛ˆÏÜ˛ a = 

3
l

ò)Ó˚ˆÏc xyâyï˛ Ü˛Ó˚y ÎyÎ˚ñ ï˛y•ˆÏ°

a
sm

= 

21·sin
3

ps
cs

π
πρ

ï,˛ï˛#Î˚ñ £Ï¤˛ñ öÓü •zï˛ƒy!ò §%ˆÏÓ˚ SÎáö s = 3, 6, 9 •zï˛ƒy!òV asm ~Ó˚ üyö ¢)öƒ •ˆÏÓ xÌ≈yÍ ~•z §%Ó˚=!°

xö%˛õ!fliï˛ ÌyÜ˛ˆÏÓ–

xyÓyÓ˚ a
sm

 §Ó≈yˆÏ˛õ«˛y ˆÓ!¢ •ˆÏÓ ≤ÃÌüñ !mï˛#Î˚ñ ã˛ï%˛Ì≈ •zï˛ƒy!ò §%ˆÏÓ˚ SˆÎüö s = 1, 2, 4 •zï˛ƒy!ò) Îáö

x-~Ó˚ üyö ÎÌye´ˆÏü 

,,
248
lll

•zï˛ƒy!ò– Ü˛yˆÏç•z xyüÓ˚y !°áˆÏï˛ ˛õy!Ó˚ñ §ˆÏÓ≈yFã˛ !ÓhflÏyÓ˚=!°Ó˚ üyö ≠

a1m = 

24
333 ,,

24 mm
ppp aa

cccm πρπρπ
==−

 •zï˛ƒy!ò–

3.(b) •yï%˛!í˛¸!ê˛ ï˛yˆÏÓ˚Ó˚ ˆÎ xÇˆÏ¢ xyâyï˛ Ü˛ˆÏÓ˚ñ ï˛yÓ˚ ˜òâ≈ƒ x!ï˛«%˛o öy •ˆÏ° 9.23 §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛yÎ˚

0 sin
a

a

xu dx
l

γπ
+Δ

∫  Ó˚y!¢!ê˛Ó˚ üyö !öî≈Î˚ Ü˛Ó˚yÓ˚ çöƒ x ~Ó˚ §ˆÏD u
0
 ~Ó˚ ˛õ!Ó˚Óï≈˛ö çyöy ≤ÃˆÏÎ˚yçö •ˆÏÓ– ï˛ˆÏÓ

u
0
 ~Ó˚ ˛õ!Ó˚Óï≈˛ö çyöy ÌyÜ˛ˆÏ°Ä §üyÜ˛°!ê˛Ó˚ üyö !öî≈Î˚ Ü˛Ó˚y ò)Ó˚*• •ˆÏÓ–

4. (a) !üó (b) §ó (c) §ó (d)  !üó (e) !üó (f) §ó(g) !ü–

§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#

1. 9.2 xö%ˆÏFåÈˆÏò ~•z !Ó£ÏÎ˚ xyˆÏ°yã˛öy Ü˛Ó˚y •ˆÏÎ˚ˆÏåÈ–

2. 9.2.1 xÇˆÏ¢ xy˛õ!ö ~ !Ó£ÏˆÏÎ˚ ày!î!ï˛Ü˛ !ÓˆÏŸ’£Ïî ˆ˛õˆÏÎ˚ˆÏåÈö–

3. 9.3 xÇˆÏ¢ ~•z ≤ÃˆÏŸ¿Ó˚ í˛z_Ó˚ xyˆÏ°y!ã˛ï˛ •ˆÏÎ˚ˆÏåÈ–

4. ~•z §ü#Ü˛Ó˚î 9.4  xÇˆÏ¢ ≤Ã!ï˛!¤˛ï˛ Ü˛Ó˚y •ˆÏÎ˚ˆÏåÈ–

5. 9.5 xÇˆÏ¢ åÈí˛¸ ê˛yöy ï˛yÓ˚ §¡∫¶˛#Î˚ xyˆÏ°yã˛öy!ê˛ ˆòˆÏá !öö–

6. 9.5 xÇˆÏ¢ åÈí˛¸ ê˛yöy ï˛yˆÏÓ˚Ó˚ §üÎ˚ÈÙÈ§Ó˚î §ü#Ü˛Ó˚î ≤Ã!ï˛!¤˛ï˛ •ˆÏÎ˚ˆÏåÈ–


