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~Ü˛Ü˛~Ü˛Ü˛~Ü˛Ü˛~Ü˛Ü˛~Ü˛Ü˛     2 §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛

àë˛öàë˛öàë˛öàë˛öàë˛ö

2.1 ≤ÃhflÏyÓöy

í ẑ̨ Ïj¢ƒ

2.2 §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛

2.3 ~Ü˛ˆÏÓ˚á#Î˚ Ä §üÜ˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛

2.4 ~Ü˛ˆÏÓ˚á#Î˚ Ä x§ü Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛

2.5 ç!ê˛° Ó˚y!¢Ó˚ ÓƒÓ•yÓ˚

2.6 ˛õÓ˚flõÓ˚ °¡∫y!û˛ü%á# ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛

2.6.1 §üÜ˛¡õyB˛

2.6.2 ~Ü˛!ê˛ Ü˛¡õyB˛ xöƒ!ê˛Ó˚ =!îï˛Ü˛

2.6.3 !°§yç%§ !ã˛ˆÏeÓ˚ ≤Ãò¢≈ö

2.7 §yÓ˚yÇ¢

2.8 §Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#

2.9 í˛z_Ó˚üy°y

2.1 ≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy

xyˆÏàÓ˚ ~Ü˛ˆÏÜ˛ xyüÓ˚y §Ó˚° ˆòy°à!ï˛ Ä ï˛yÓ˚ ày!î!ï˛Ü˛ xÓÜ˛° §ü#Ü˛Ó˚î §¡∫ˆÏ¶˛ xyˆÏ°yã˛öy Ü˛ˆÏÓ˚!åÈ–

§Ó˚° ˆòy°à!ï˛Ó˚ ˆÓ¢ Ü˛ˆÏÎ˚Ü˛!ê˛ í˛zòy•Ó˚ˆÏîÓ˚Ä xy˛õ!ö ˛õ!Ó˚ã˛Î˚ ˆ˛õˆÏÎ˚ˆÏåÈö– ≤Ã!ï˛!ê˛ ˆ«˛ˆÏe•z xyüÓ˚y ˆòˆÏá!åÈñ

ˆÎ ˆÜ˛yöÄ ~Ü˛!ê˛ Ó˚y!¢ xñ ~Ü˛!ê˛ !ö!ò≈‹T §ü§_¥ !mï˛#Î˚ e´ˆÏüÓ˚ xÓÜ˛° §ü#Ü˛Ó˚îˆÏÜ˛ !§k˛ Ü˛ˆÏÓ˚ñ ˆÎ!ê˛Ó˚ §yôyÓ˚î

Ó˚*˛õ + ω
2

2
2

d x x
dt

 = 0– ~•z §ü#Ü˛Ó˚î!ê˛Ó˚ §üyôyö sin ωt Ä cos ωt Ó˚y!¢mˆÏÎ˚Ó˚ ~Ü˛!ê˛ ˜Ó˚!áÜ˛ ˆÎyàú˛°

~ÓÇ ~!ê˛•z x Ó˚y!¢Ó˚ §Ó˚° ˆòy°à!ï˛ §)!ã˛ï˛ Ü˛ˆÏÓ˚– ≤ÃÜ,˛!ï˛ˆÏï˛ xˆÏöÜ˛ §üÎ˚ ~Ü˛•z §ˆÏD ~Ü˛y!ôÜ˛ §Ó˚°

ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ âê˛ˆÏï˛ ˆòáy ÎyÎ˚– ˆ§ï˛yˆÏÓ˚Ó˚ ï˛yˆÏÓ˚Ó˚ ˆÜ˛yöÄ ~Ü˛!ê˛ !Ó®% ~Ü˛•z §ˆÏD ~Ü˛y!ôÜ˛ Ü˛¡õyˆÏB˛Ó˚

§Ó˚° ˆòy°à!ï˛ˆÏï˛ Ü˛!¡õï˛ •Î˚– !ü!◊ï˛ Ü˛¡õyˆÏB˛Ó˚ ¢∑ Îáö Ü˛yˆÏöÓ˚ ˛õò≈yÎ˚ xyâyï˛ Ü˛ˆÏÓ˚ñ ï˛áö ˛õò≈y!ê˛ ~Ü˛•z

§ˆÏD ~Ü˛y!ôÜ˛ !Ó!û˛ß¨ Ü˛¡õyˆÏB˛Ó˚ §Ó˚° ˆòy°à!ï˛ˆÏï˛ Ü˛!¡õï˛ •Î˚– xyÓyÓ˚ ˆé˛y°yˆÏöy é˛yí˛¸°Z˛ö ~Ü˛•z §ˆÏD

í˛z_Ó˚ÈÙÈò!«˛î Ä ˛õ)Ó≈ÈÙÈ˛õ!ÿ˛ˆÏü §Ó˚° ˆòy°à!ï˛ˆÏï˛ xyˆÏ®y!°ï˛ •Î˚– ~•z ~Ü˛ˆÏÜ˛ xyüÓ˚y ~Ü˛•z !òˆÏÜ˛ Óy ˛õÓ˚flõÓ˚

°¡∫ x!û˛ü%ˆÏá ò%•z ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ §¡∫ˆÏ¶˛ xyˆÏ°yã˛öy Ü˛Ó˚Ó–

í˛zˆÏj¢ƒí˛zˆÏj¢ƒí˛zˆÏj¢ƒí˛zˆÏj¢ƒí˛zˆÏj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õyë˛ Ü˛Ó˚ˆÏ° xy˛õ!öÈÙÙÙÈ
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§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛Ó˚ !ÓÓ,!ï˛ Ä Óƒyáƒy !òˆÏï˛ ˛õyÓ˚ˆÏÓö–

~Ü˛•z §Ó˚°ˆÏÓ˚áyÎ˚ §üyö Ä x§üyö Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ú˛° !ÓˆÏŸ’£Ïî Ü˛Ó˚ˆÏï˛

˛õyÓ˚ˆÏÓö–

fl∫Ó˚Ü˛ˆÏ¡õÓ˚ í˛zÍ˛õ!_ Óƒyáƒy Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓö–

˛õÓ˚flõÓ˚ §üˆÏÜ˛yˆÏî ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ú˛ˆÏ° í˛zÍ˛õß¨ °!∏˛ à!ï˛Ó˚ Óî≈öy !òˆÏï˛ ˛õyÓ˚ˆÏÓö–

2.2 §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛

xy˛õ!ö xyˆÏàÓ˚ ~Ü˛ˆÏÜ˛ !Ó!û˛ß¨ ôÓ˚ˆÏöÓ˚ Ó›§ü!‹TÓ˚ §Ó˚° ˆòy°à!ï˛Ó˚ §¡∫ˆÏ¶˛ ˆçˆÏöˆÏåÈö– ~Ó˚ üˆÏôƒ ˆÎüö

§Ó˚° ˆòy°ˆÏÜ˛Ó˚ à!ï˛ Ó˚ˆÏÎ˚ˆÏåÈñ ˆï˛üö•z ˜Óò%ƒ!ï˛Ü˛ xyˆÏÓ¢ ôyÓ˚Ü˛ Óï≈˛ö#ˆÏï˛ ôyÓ˚ˆÏÜ˛Ó˚ xyôyˆÏöÓ˚ •…y§ÈÙÈÓ,!k˛Ä xyˆÏåÈ–

xˆÏöÜ˛ ˆ«˛ˆÏe ˆÜ˛yö Ó›Ó˚ ~Ü˛§ˆÏD ~Ü˛y!ôÜ˛ §Ó˚° ˆòy°à!ï˛ Óï≈˛üyö ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚–

Îáö ~Ü˛•z Ó›Ó˚ ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ âˆÏê˛ñ ï˛áö ˆÎ ˆÜ˛yöÄ §üˆÏÎ˚ Ó›Ó˚ §Ó˚î

˙ §üˆÏÎ˚ ≤Ã!ï˛!ê˛ ˆòy°à!ï˛Ó˚ çöƒ Ó›!ê˛Ó˚ ˆÎ §Ó˚î âê˛ï˛ñ ˆ§=!°Ó˚ ˆû˛QÓ˚ ˆÎyàú˛° •Î˚– ~!ê˛•z §Ó˚°

ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛–

§yôyÓ˚îû˛yˆÏÓ §Ó˚ˆÏîÓ˚ ˆÎyàú˛° Ó°ˆÏï˛ xyüÓ˚y ˆû˛QÓ˚ ˆÎyàú˛°•z Ó%!é˛– ï˛ˆÏÓ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ˆòy°à!ï˛=!°

Î!ò ~Ü˛•z §Ó˚°ˆÏÓ˚áy ÓÓ˚yÓÓ˚ xÌ≈yÍ ~Ü˛ˆÏÓ˚á#Î˚ •Î˚ñ ï˛ˆÏÓ ˆû˛QÓ˚ ˆÎyàú˛° !•§yˆÏÓ Ó#çà!îï˛#Î˚ ˆÎyàú˛°ˆÏÜ˛•z

ˆöÄÎ˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚–

~áö xyüÓ˚y §Ó˚° ˆòy°à!ï˛Ó˚ ~Ü˛!ê˛ !ÓˆÏ¢£Ï ày!î!ï˛Ü˛ ôˆÏü≈Ó˚ !òˆÏÜ˛ öçÓ˚ ˆòÓ– xy˛õ!ö ˛õˆÏí˛¸ˆÏåÈö ˆÎñ

Î!ò ˆÜ˛yöÄ Ó› x x«˛ ÓÓ˚yÓÓ˚ ω ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛ §Ó˚° ˆòy°à!ï˛ˆÏï˛ xyˆÏ®y!°ï˛ •Î˚ñ ï˛ˆÏÓ ï˛yÓ˚ à!ï˛Ó˚

xÓÜ˛° §ü#Ü˛Ó˚î •Î˚

+ ω
2

2
2

d x x
dt

 = 0 ....... 2.1

Î!ò Ó›!ê˛ ~Ü˛•z ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛ y x«˛ ÓÓ˚yÓÓ˚ xyˆÏ®y!°ï˛ •Î˚ñ ï˛yÓ˚ à!ï˛ §ü#Ü˛Ó˚î •ˆÏÓ

+ ω
2

2
2

d y y
dt

 = 0 ....... 2.2

xö%Ó˚*˛õû˛yˆÏÓñ z x«˛ ÓÓ˚yÓÓ˚ ~Ü˛•z ˆÜ˛y!îÜ˛ Ü˛¡õyˆÏB˛ §Ó˚° ˆòy°à!ï˛Ó˚ §ü#Ü˛Ó˚î •ˆÏÓ

+ ω
2

2
2

d z z
dt

 = 0 ....... 2.3

~áö Î!ò 2.1, 2.2 Ä 2.3 §ü#Ü˛Ó˚î=!°ˆÏÜ˛ ÎÌye´ˆÏü î , 

ĵ

 Ä 

k̂

(x, y, Ä z x«˛ ÓÓ˚yÓÓ˚ ~Ü˛Ü˛ ˆû˛QÓ˚V

!òˆÏÎ˚ =î Ü˛ˆÏÓ˚ ˆÎyà Ü˛ˆÏÓ˚öñ ï˛ˆÏÓ xy˛õ!ö ˛õyˆÏÓö 

+++ω++
2

2
2

ˆˆ ˆˆ ˆˆ ()() dixjykzixjykz
dt

 = 0
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Óy + ω
2

2
2

d r r
dt

 = 0 ....... 2.4

~áyˆÏö r  Ó›!ê˛Ó˚ fliyöyB˛ ˆû˛QÓ˚–

~ÓyÓ˚ ôÓ˚&öñ Ó›!ê˛Ó˚ ˆÜ˛yöÄ ~Ü˛!ê˛ §Ó˚° ˆòy°à!ï˛Ó˚ çöƒ §Ó˚î 

1() rt

 ~ÓÇ ~Ü˛•z ˆÜ˛y!îÜ˛ Ü˛¡õyˆÏB˛Ó˚

xöƒ ~Ü˛!ê˛ §Ó˚° ˆòy°à!ï˛Ó˚ çöƒ §Ó˚î 

2() rt

– ~=!°Ó˚ çöƒ xyüÓ˚y ò%!ê˛ ˛õ,ÌÜ˛ à!ï˛ §ü#Ü˛Ó˚î !°áˆÏï˛ ˛õy!Ó˚ñ

+ω=
2

2 1
1 20

dr
r

dt

~ÓÇ + ω =
2

22
22 0

d r
r

dt

~ ò%!ê˛Ó˚ ˆÎyàú˛° + + + =
2

2
1 2 1 22 ( ) ( ) 0d r r r r

dt
ω ....... 2.5

xÌ≈yÍñ 1( )r t  Ä 

2() rt

 Î!ò ˛õ,ÌÜ˛û˛yˆÏÓ §Ó˚° ˆòy°à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚îˆÏÜ˛ !§k˛ Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ ï˛yˆÏòÓ˚

ˆÎyàú˛° 

+12 () rr

 Ä ˙ xÓÜ˛° §ü#Ü˛Ó˚îˆÏÜ˛ !§k˛ Ü˛Ó˚ˆÏÓ– Ó°y Óy‡°ƒñ §Ó˚° ˆòy°à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚î!ê˛

˜Ó˚!áÜ˛ §ü§_¥ (linear homogeneous) •ÄÎ˚yÓ˚ ú˛ˆÏ°•z ~!ê˛ §Ω˛Ó– §ü#Ü˛Ó˚î!ê˛ˆÏï˛ 

⎛⎞
⎜⎟ ⎝⎠

2
dr
dt

 Óy r2 Ó˚y!¢

ÌyÜ˛ˆÏ° 

+12 rr
 Ó˚y!¢!ê˛ §ü#Ü˛Ó˚î!ê˛ˆÏÜ˛ !§k˛ Ü˛Ó˚ï˛ öy–

§Ó˚° ˆòy°à!ï˛Ó˚ à!ï˛ §ü#Ü˛Ó˚ˆÏîÓ˚ ~•z !ÓˆÏ¢£Ï ôˆÏü≈Ó˚ ú˛ˆÏ° ò%•z!ê˛ §üÜ˛¡õyˆÏB˛Ó˚ ˆòy°à!ï˛ í˛z˛õ!Ó˚˛õy!ï˛ï˛

•ˆÏÎ˚ öï%˛ö ~Ü˛!ê˛ ˆòy°à!ï˛ í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ñ ÎyÓ˚ ˆÜ˛Ô!îÜ˛ Ü˛¡õyÜ˛ í˛z˛õ!Ó˚˛õy!ï˛ï˛ ˆòy° à!ï˛ ò%•z!ê˛Ó˚ Ü˛¡õyˆÏB˛Ó˚

xö%Ó˚*˛õ– ~áö xyüÓ˚y ~Ü˛ˆÏÓ˚á#Î˚ Ä §üÜ˛¡õyˆÏB˛Ó˚ ò%•z!ê˛ ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ˆÏöÓ˚ ú˛° !Ó¢òû˛yˆÏÓ ˛õÓ˚#«˛y

Ü˛Ó˚Ó–

2.3 ~Ü˛ˆÏÓ˚á#Î˚ §üÜ˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ̂ òy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛~Ü˛ˆÏÓ˚á#Î˚ §üÜ˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ̂ òy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛~Ü˛ˆÏÓ˚á#Î˚ §üÜ˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ̂ òy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛~Ü˛ˆÏÓ˚á#Î˚ §üÜ˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ̂ òy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛~Ü˛ˆÏÓ˚á#Î˚ §üÜ˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ̂ òy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛

ôÓ˚y ÎyÜ˛ x x«˛ ÓÓ˚yÓÓ˚ ω ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛Ó˚ ò%•z!ê˛ §Ó˚° ˆòy°à!ï˛Ó˚ çöƒ ˆÜ˛yöÄ Ó›Ó˚ §yüƒyÓfliy ˆÌˆÏÜ˛

§Ó˚î ÎÌye´ˆÏü

x1 = a1 cos (ωt + θ1)

~ÓÇ x
2
 = a

2
 cos (ωt + θ

2
)

ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ú˛ˆÏ° °!∏˛ §Ó˚î í˛zû˛ˆÏÎ˚Ó˚ ˆÎyàú˛°

x = x
1
 + x

2

= a1 cos (ωt + θ1) + a2 cos (ωt + θ2)

= (a
1
 cos θ

1 
+ a

2
 cos θ

2
) cos ωt – (a

1
 sin θ

1 
+ a

2
 sin θ

2
) sin ωt

....... 2.6



40

~áö Î!ò (a1 cos θ1 + a2 cos θ2) ~Ó˚ çyÎ˚àyÎ˚ A cos θ  ~ÓÇ (a1 sin θ1 + a2 sin θ2) ~Ó˚ çyÎ˚àyÎ˚

A sin θ  ˆ°áy ÎyÎ˚ ï˛ˆÏÓñ

x = A cos θ cosωt – A sin θ sinωt

  = A cos (ωt + θ) (A Ä θ ò%•z!ê˛ öï%˛ö ô &ÓÜ˛) ....... 2.7

~áö A Ä θ ~Ó˚ üyö a
1
, a

2
, θ

1
 Ä θ

2
 ~Ó˚ !•§yˆÏÓ çyöy ≤ÃˆÏÎ˚yçö–

A2 = (A cos θ)2 + (A sin θ)2

= (a
1

2 cos2 θ
1 
+ a

2
2 cos2 θ

2 
+ 2a

1
a

2
 cos θ

1 
cos θ

2
)

+ (a
1
2 sin2 θ

1 
+ a

2
2 sin2 θ

2 
+ 2a

1
a

2
 sin θ

1 
sin θ

2
)

Óyñ A2 = a1
2 + a2

2 + 2a1a2 cos (θ1 – θ2) ....... 2.8

~ÓÇ tan θ = 

sin
cos

A
A

θ
θ

 = 

1122

1122

sinsin
coscos

aa
aa

+
+

θθ
θθ

....... 2.9

~áyˆÏö ~Ü˛•z ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛Ó˚ ò%•z!ê˛ §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ú˛ˆÏ° xyüÓ˚y ˙ Ü˛¡õyˆÏB˛Ó˚ ~Ü˛!ê˛

öï%˛ö §Ó˚° ˆòy°à!ï˛ ˆ˛õ°yü ÎyÓ˚ !ÓhflÏyÓ˚ A ~ÓÇ ò¢yÜ˛Ó˚î θ–

ˆû˛QÓ˚ !ã˛eˆû˛QÓ˚ !ã˛eˆû˛QÓ˚ !ã˛eˆû˛QÓ˚ !ã˛eˆû˛QÓ˚ !ã˛e

§Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ˆÏÜ˛ ˆû˛QÓ˚ !ã˛e myÓ˚y Ó˚*˛õy!Î˚ï˛ Ü˛Ó˚y

ÎyÎ˚– xy˛õ!ö !öÿ˛Î˚•z çyˆÏöö  ˆÎñ ~Ü˛!ê˛ â)î≈ƒüyö ˆû˛QÓ˚ myÓ˚y ~Ü˛!ê˛

§Ó˚° ˆòy°à!ï˛ˆÏÜ˛ §)!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚– a
1
 ˜òˆÏâ≈ƒÓ˚ ~Ü˛!ê˛ ˆû˛QÓ˚ Î!ò

t = 0 §üˆÏÎ˚ x xˆÏ«˛Ó˚ §ˆÏD θ1 ˆÜ˛yî Ó˚ã˛öy Ü˛ˆÏÓ˚ Ä ω ˆÜ˛Ô!îÜ˛ ˆÓˆÏà

ÓyüyÓˆÏï≈˛ â%Ó˚ˆÏï˛ ÌyˆÏÜ˛ ï˛ˆÏÓ t §üˆÏÎ˚ x xˆÏ«˛Ó˚ §ˆÏD ˆ§!ê˛ ωt + θ
1

ˆÜ˛yö Ó˚ã˛öy Ü˛Ó˚ˆÏÓ ~ÓÇ x xˆÏ«˛Ó˚ í˛z˛õÓ˚ ˆ§!ê˛Ó˚ x!û˛ˆÏ«˛˛õ (projection) •ˆÏÓ S!ã˛e 2.1V

x
1

  = a
1
 cos (ωt + θ

1
)

xÌ≈yÍñ ˆû˛QÓ˚!ê˛Ó˚ x!û˛ˆÏ«˛˛õ a1 !ÓhflÏyˆÏÓ˚ ω ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛ §Ó˚° ˆòy°à!ï˛ˆÏï˛ xyˆÏ®y!°ï˛ •ˆÏÓ ~ÓÇ

x xˆÏ«˛Ó˚ §ˆÏD ˆû˛QÓ˚!ê˛Ó˚ ˆÜ˛yî (ωt + θ
1
) •ˆÏÓ t §üˆÏÎ˚ ˙ à!ï˛Ó˚ ò¢yˆÏÜ˛yî–

~ ôÓ˚ˆÏöÓ˚ ˆû˛QÓ˚ !ã˛eˆÏÜ˛ xyüÓ˚y ò%•z!ê˛ §üÜ˛¡õyˆÏB˛Ó˚ §Ó˚° ˆòy°à!ï˛ˆÏÜ˛ §ÇÎ%_´ Ü˛Ó˚yÓ˚ Ü˛yˆÏç °yàyˆÏï˛

˛õy!Ó˚– 2.2 !ã˛ˆÏe t = 0 §üˆÏÎ˚ ò%•z!ê˛ â)î≈ƒüyö ˆû˛QˆÏÓ˚Ó˚ xÓfliyö ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈñ ˆÎ=!°Ó˚ ˜òâ≈ƒ ÎÌye´ˆÏü

a1 Ä a2 ~ÓÇ ò¢yˆÏÜ˛yî ÎÌye´ˆÏü θ1 Ä θ2– ˆû˛QÓ˚ ò%•z!ê˛Ó˚ °!∏˛Ó˚ ˜òâ≈ƒ A ~ÓÇ ≤ÃyÌ!üÜ˛ ò¢yˆÏÜ˛yî θ1– a1

Ä a
2
 ˜òˆÏâ≈ƒÓ˚ ˆû˛QÓ˚ ò%•z!ê˛

!ã˛e 2.1
§Ó˚° ˆòy°à!ï˛Ó˚ §)ã˛Ü˛ ˆû˛QÓ˚

x1
  = a1 cos (ω t + θ1)
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x1 = a1 cos (ωt + θ1)

Ä x
2
 = a

2
 cos (ωt + θ

2
)

~•z ò%•z §Ó˚° ˆòy°à!ï˛ˆÏÜ˛ §)!ã˛ï˛ Ü˛ˆÏÓ˚– °!∏˛ ˆû˛QÓ˚ 

A

 ~Ó˚ x xˆÏ«˛Ó˚ í˛z˛õÓ˚ x!û˛ˆÏ«˛˛õ A cos (ωt +

θ) ˙ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ú˛ˆÏ° í˛zÍ˛õß¨ §Ó˚° ˆòy°à!ï˛!ê˛ !öˆÏò≈¢ Ü˛Ó˚ˆÏåÈ– !ã˛e 2.2 ˆÌˆÏÜ˛

xy˛õ!ö §•ˆÏç•z ˆòáyˆÏï˛ ˛õyÓ˚ˆÏÓö ˆÎñ

A cos θ = a
1
 cos θ

1 
+ a

2
 cos θ

2
....... 2.10a

~ÓÇñ A sin θ = a
1
 sin θ

1 
+ a

2
 sin θ

2
....... 2.10b

~•z ò%•z!ê˛ §ü#Ü˛Ó˚ˆÏîÓ˚ §y•yˆÏÎƒ xy˛õ!ö ~áö 2.8 Ä 2.9 §¡õÜ≈˛=!° ˆ˛õˆÏï˛ ˛õyˆÏÓ˚ö–

~•z ˛õk˛!ï˛!ê˛ xy˛õ!ö §üyö Ü˛¡õyˆÏB˛Ó˚ ˆÎ ˆÜ˛yöÄ §ÇáƒÜ˛ §Ó˚° ˆòy°à!ï˛ˆÏÜ˛ Î%_´ Ü˛Ó˚yÓ˚ Ü˛yˆÏç ÓƒÓ•yÓ˚

Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ö– ôÓ˚&öñ n §ÇáƒÜ˛ §Ó˚° ˆòy°à!ï˛Ó˚ §ü#Ü˛Ó˚î

x1 = a1 cos (ωt + θ1), x2 = a2 cos (ωt + θ2), .........., xn  = an cos (ωt + θn)

~•z §Ó˚° ˆòy°à!ï˛=!° a
1
, a

2
, ...., a

n
 ˜òˆÏâ≈ƒÓ˚ n §ÇáƒÜ˛ â)î≈ƒüyö ˆû˛QÓ˚ myÓ˚y §)!ã˛ï˛ •ˆÏÓ– í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚

ú˛ˆÏ° ˆòy°à!ï˛!ê˛Ó˚ §ü#Ü˛Ó˚î Î!ò

x = A cos (ωt + θ)

•Î˚ñ ï˛ˆÏÓ 2.10a, b §ü#Ü˛Ó˚î=!°Ó˚ xö%Ó˚*˛õ §ü#Ü˛Ó˚î •ˆÏÓ

A cos θ = 

1

cos
in

ii
i

a
=

=
∑θ

A sin θ = 

sin ii a ∑θ

xÌ≈yÍ A2 = 

()() 22

1 cossin iii aa + ∑∑ θθ

....... 2.11a

~ÓÇ tan θ = 

1

sincos
in

iiii
i

aa
=

=
∑∑ θθ

....... 2.11b

~áö xy˛õ!ö Ü˛ˆÏÎ˚Ü˛!ê˛ xö%¢#°ö#Ó˚ §y•yˆÏÎƒ í˛z˛õˆÏÓ˚Ó˚ xyˆÏ°yã˛öyÓ˚ ≤ÃˆÏÎ˚yà Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ö–

xö%¢#°ö#ÈÙÈxö%¢#°ö#ÈÙÈxö%¢#°ö#ÈÙÈxö%¢#°ö#ÈÙÈxö%¢#°ö#ÈÙÈ1 : ~Ü˛!ê˛ ˆòy°ˆÏÜ˛Ó˚ §yôyÓ˚î à!ï˛ §ü#Ü˛Ó˚î

2

2sin dg
t dt

+ θθ

 = 0
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xö%¢#°ö#ÈÙÈxö%¢#°ö#ÈÙÈxö%¢#°ö#ÈÙÈxö%¢#°ö#ÈÙÈxö%¢#°ö#ÈÙÈ2 : ò%•z!ê˛ §Ó˚° ˆòy°à!ï˛Ó˚ à!ï˛ §ü#Ü˛Ó˚î x1 = 5 cos (50t + 30º)  Ä x2 = 12 cos (50t

+ 120º) ~=!°Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ú˛ˆÏ° ˆÎ §Ó˚° ˆòy°à!ï˛ í˛zÍ˛õß¨ •ˆÏÓ ï˛yÓ˚ !ÓhflÏyÓ˚ Ä ò¢yˆÏÜ˛yî !öî≈Î˚

Ü˛Ó˚&ö–

~ ˛õÎ≈hsˇ xy˛õ!ö ~Ü˛•z Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ §¡∫ˆÏ¶˛ ˛õí˛¸ˆÏ°ö– !Ü˛v Ü˛¡õyB˛ ò%•z!ê˛

§üyö öy •ˆÏ° ï˛yÓ˚ ú˛° Ü˛# •ˆÏÓ⁄ xy§%ö ~ÓyÓ˚ ˆ§!ê˛ ˛õÓ˚#«˛y Ü˛ˆÏÓ˚ ˆòáy ÎyÜ˛–

2.4 ~Ü˛ˆÏÓ˚á#Î˚ Ä x§ü Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛~Ü˛ˆÏÓ˚á#Î˚ Ä x§ü Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛~Ü˛ˆÏÓ˚á#Î˚ Ä x§ü Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛~Ü˛ˆÏÓ˚á#Î˚ Ä x§ü Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛~Ü˛ˆÏÓ˚á#Î˚ Ä x§ü Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛

§üÜ˛¡õyˆÏB˛Ó˚ ˆ«˛ˆÏe xyüÓ˚y í˛z˛õ!Ó˚˛õy!ï˛ï˛ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ ˆÜ˛Ô!îÜ˛ Ü˛¡õyB˛ ω ôˆÏÓ˚ !öˆÏÎ˚ 2.6

§¡õÜ≈˛=!° !°ˆÏá!åÈ°yü– ~áö ˆÜ˛Ô!îÜ˛ Ü˛¡õyB˛ ò%•z!ê˛ !û˛ß¨ ôˆÏÓ˚ !öˆÏ° §ü#Ü˛Ó˚î=!° •ˆÏÓ

x
1
 = a

1
 cos (ω

1
t + θ

1
)

~ÓÇ x2 = a2 cos (ω2t + θ2)
....... 2.12

í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ú˛ˆÏ° °!∏˛ §Ó˚î

x = x1 + x2 = a1 cos (ω1t + θ1) + a2 cos (ω2t + θ2)

~áyˆÏö í˛z˛õ!Ó˚˛õy!ï˛ï˛ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ ò¢yÓ˚ xhsˇÓ˚ (ω1 – ω2)t + (θ1 – θ2)– (ω1 – ω2)t Ó˚y!¢!ê˛

§üÎ˚ !öû≈˛Ó˚– !Ü˛v (θ
1
 – θ

2
) Ó˚y!¢!ê˛ x˛õ!Ó˚Óï≈˛ö¢#° ~ÓÇ °!∏˛ ˆòy°à!ï˛ˆÏï˛ ~!ê˛Ó˚ ˆÜ˛yöÄ  =Ó˚&c˛õ)î≈ û)˛!üÜ˛y

ˆö•z– ~çöƒ xyüÓ˚y θ
1 

Ä θ
2
 ≤ÃyÓ˚!Ω˛Ü˛ ò¢yˆÏÜ˛yî ò%!ê˛ˆÏÜ˛ ¢)öƒ ÓˆÏ° ôˆÏÓ˚ ˆöÓ– ~Ó˚ xÌ≈ ~•zñ ˆÎ Îáö x

1

= a1 ~ÓÇ x2 = a2 !ë˛Ü˛ ï˛áö ˆÌˆÏÜ˛•z xyüÓ˚y §üˆÏÎ˚Ó˚ àîöy ÷Ó˚& Ü˛Ó˚!åÈ– ~áö xyüÓ˚y !°áˆÏï˛ ˛õy!Ó˚ñ

x = a1 cos ω1t + a2 cos ω2t ....... 2.13

≤ÃÌˆÏü xyüÓ˚y ~Ü˛!ê˛ xˆÏ˛õ«˛yÜ,˛ï˛ §•ç xÓfliy !ÓˆÏÓã˛öy Ü˛Ó˚Ó–

Îáö a
1
 = a

2
 : ôÓ˚y ÎyÜ˛ a

1
 = a

2
 = a ~ÓÇ ω

1 
> ω

2

~•z xÓfliyÎ˚ x = a [cos ω
1
t + cos ω

2
t]

= 

1212 2coscos 22 att
−+ ωωωω

....... 2.14

[ˆÜ˛ööy xyüÓ˚y çy!ö cos A + cos B = 

+− 2coscos
22

ABAB t

]
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~áy Ï̂ö 
+1 2

2
ω ω

 Ó˚y!¢!ê˛ ω
1
 Ä ω

2
 ~Ó˚ àí˛¸ üyö– ôÓ˚y ÎyÜ˛ 

12

2
+ ωω

= ω– 

12

2
− ωω

 Ó˚y!¢!ê˛Ó˚ üyö

xˆÏ˛õ«˛yÜ,˛ï˛ x“– ~!ê˛Ó˚ fliyˆÏö xyüÓ˚y ω0!°áÓ– ~áö 2.14 ˆÌˆÏÜ˛ xyüÓ˚y ˛õy•z

x = 2a cos ω
0
t cos ωt– ........ 2.15

2.15 §ü#Ü˛Ó˚î!ê˛ °«˛ƒ Ü˛Ó˚ˆÏ° ~!ê˛ Ü˛ï˛Ü˛ê˛y ω ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛Ó˚ §Ó˚° ˆòy°à!ï˛Ó˚ §ü#Ü˛Ó˚î ÓˆÏ° üˆÏö

•ˆÏÓ– !Ü˛v ~áyˆÏö ˆòy°à!ï˛!ê˛Ó˚ !ÓhflÏyÓ˚ 2a cos ω0t §üˆÏÎ˚Ó˚ §ˆÏD ˛õ!Ó˚Óï≈˛ö¢#°– ~!ê˛ !öˆÏç•z 2a !ÓhflÏyˆÏÓ˚

§Ó˚° ˆòy°à!ï˛ˆÏï˛ xyˆÏ®y!°ï˛ •Î˚– ~•z §Ó˚° ˆòy°à!ï˛!ê˛Ó˚ ˆÜ˛Ô!îÜ˛ Ü˛¡õyB˛ ω
0
ñ xÌ≈yÍ ˛õÎ≈yÎ˚Ü˛y° 

0

2π
ω

–

2.3 !ã˛ˆÏe 2.15 §ü#Ü˛Ó˚î myÓ˚y §)!ã˛ï˛ ˆòy°à!ï˛!ê˛ ˆòáyö •ˆÏÎ˚ˆÏåÈ– !ã˛e!ê˛ °«˛ƒ Ü˛Ó˚ˆÏ° Ó%é˛ˆÏï˛ ˛õyÓ˚ˆÏÓö ˆÎñ

~ˆÏ«˛ˆÏe 

0

π
ω

 §üÎ˚ xhsˇÓ˚ ˆòy°à!ï˛Ó˚ !ÓhflÏyÓ˚ §ˆÏÓ≈yFã˛ üyˆÏö ˆ˛õÑÔåÈÎ˚ xÌÓy ¢)öƒ •Î˚– xy§ˆÏ°ñ í˛z˛õ!Ó˚˛õy!ï˛ï˛

ˆòy°à!ï˛ ò%•z!ê˛ Îáö §üò¢yÎ˚ ÌyˆÏÜ˛ñ ï˛áö !ÓhflÏyÓ˚ §ˆÏÓ≈yFã˛ •Î˚ ~ÓÇ ~=!° Îáö !Ó˛õÓ˚#ï˛ ò¢yÎ˚ ÌyˆÏÜ˛ñ

ï˛áö !ÓhflÏyÓ˚ §Ó≈!ö¡¨ñ ~ˆÏ«˛ˆÏe ¢)öƒ •Î˚–

~ÓyÓ˚ xyüÓ˚y xyÓ˚Ä §yôyÓ˚î xÓfliyÎ˚ñ Îáö a
1
 Ä a

2
 x§üyöñ ï˛áö Ü˛# âˆÏê˛ ï˛y ˆÓyé˛yÓ˚ ˆã˛‹Ty Ü˛Ó˚Ó–

Îáö a
1 
≠ a

2
 : ôÓ˚y ÎyÜ˛ a

1
 > a

2
, a

1
 = a + b, a

2
 = a – b ˆÎáy Ï̂ö a Ä b ò%•z!ê˛ öï%˛ö ô &ÓÜ˛– xyüÓ˚y

üˆÏö Ó˚yáÓ a = 

() +12
1,
2

aa

 b = 

() −12
1
2

aa

–

2.13 §)ˆÏe a
1
 Ä a

2
 ~Ó˚ ˛õ!Ó˚ÓˆÏï≈˛ a Ä b ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ˛õy•z

x = (a + b) cos ω1t +(a – b) cos ω2t

~áö !Ü˛å%Èê˛y ày!î!ï˛Ü˛ §Ó˚°#Ü˛Ó˚î ≤ÃˆÏÎ˚yçö–

x = a [cos ω1t + cos ω2t] + b [cos ω1t – cos ω2t]

π
ω0 2o

t = 0

π
ωo

π
ω
3
2o

π
ω
2

o

t = 0

π
ω
2

o
π
ωo

π
ω
3
2o

π
ω
2

o

–2a

O

–2a
2acosωot

t

xa1+a2

a
1
–a

2
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à!îˆÏï˛Ó˚ §)e cos A + cos B = 

+− 2coscos
22

ABAB

~ÓÇ cos A – cos B = 

+− 2sinsin
22

ABBA

 ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ñ

x = 

12121221 2coscos2sinsin 2222 attbtt
+−+− + ωωωωωωωω

˛õ)ˆÏÓ≈Ó˚ üï˛ 

12

2
+ ωω

 = ω ~ÓÇ È

12

2
− ωω

 = ω0  !°áˆÏ° ˛õyÄÎ˚y ÎyˆÏÓ

x = 2a cos ω0t . cos ωt – 2b sin ω0t . sin ωt

xyÓ˚Ä §Ó˚°#Ü˛Ó˚ˆÏîÓ˚ çöƒ 2a cos ω0t ~Ó˚ fliyˆÏö A cos φ ~ÓÇ 2b cos ω0t ~Ó˚ fliyˆÏö A sin φ  ˆ°áy

ˆÎˆÏï˛ ˛õyˆÏÓ˚– ~Ó˚ ú˛ˆÏ° ˛õyÄÎ˚y ÎyÎ˚

x = A cos φ  cos ωt – A sin φ  sin ωt ....... 2.16

= A cos (ω t + φ)

~•z §)ˆÏe A2 = (A cos φ)2 + (A sin φ)2

= (2a cos ω0t)
2 + (2b sin ω0t)

2

= (a1 + a 2)
2 cos2 ω0t + (a1 – a 2)

2 sin2 ω0t

= a
1
2 + a

2
2 + 2a

1
a

2
cos2ω0t

Óyñ A = 

⎡⎤ ++− ⎣⎦
1

222
121212 2cos() aaaat ωω

....... 2.17

~åÈyí˛¸y tan φ  = 
sin
cos

A
A

φ
φ  = 

0

0

2sin
2cos

bt
at

ω
ω

 = 

−−
+

1212

12

tan
2

aa
t

aa
ωω

....... 2.18

2.17 §ü#Ü˛Ó˚î!ê˛ ˛õÓ˚#«˛y Ü˛Ó˚ˆÏ° xy˛õ!ö Ó%é˛ˆÏï˛ ˛õyÓ˚ˆÏÓö ˆÎñ °!∏˛ ˆòy°à!ï˛Ó˚ !ÓhflÏyÓ˚ A §üˆÏÎ˚Ó˚ §ˆÏD

(a1 + a2) Ä (a1 – a2) §#üyÓ˚ üˆÏôƒ Äë˛yöyüy Ü˛ˆÏÓ˚– Sω1 – ω2Vt Ó˚y!¢Ó˚ üyö Îáö 0, 2π, 4π, ..... ï˛áö

A = a
1
 + a

2
 ~ÓÇ Sω1 – ω2Vt ~Ó˚ üyö Îáö π, 3π, 5π..., ï˛áö A = a

1
 – a

2
– §%ï˛Ó˚yÇñ !ÓhflÏyˆÏÓ˚Ó˚

~•z ˛õ!Ó˚Óï≈˛ˆÏöÓ˚ ˛õÎ≈yÎ˚Ü˛y° 

−12

2π
ωω

– 2.4 !ã˛ˆÏe 2.16 §ü#Ü˛Ó˚î xö%ÎyÎ˚# x ~Ó˚ ˛õ!Ó˚Óï≈˛ö ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ–

xÓ¢ƒ ~áyˆÏö ôˆÏÓ˚ ˆöÄÎ˚y •ˆÏÎ˚ˆÏåÈ ˆÎ ω1 Ä ω2 ~Ó˚ üˆÏôƒ ˛õyÌ≈Ü˛ƒ á%Ó ˆÓ¢# öÎ˚ ~ÓÇ Sω1 – ω2V <<
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12

2
+ ⎛⎞

⎜⎟ ⎝⎠
ωω

 xÌ≈yÍ ω0 << ω– ~Ó˚ ú˛ˆÏ° A ~ÓÇ φ §üˆÏÎ˚Ó˚ §ˆÏD ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏ°Ä ~•z ˛õ!Ó˚Óï≈˛ö

xï˛ƒhsˇ ô#Ó˚– °!∏˛ ˆòy°à!ï˛Ó˚ ˛õÎ≈yÎ˚Ü˛y° 

2π
ω

 §üˆÏÎ˚Ó˚ üˆÏôƒ ˆ§!ê˛Ó˚ !ÓhflÏyˆÏÓ˚Ó˚ !ÓˆÏ¢£Ï ˆÜ˛yöÄ ˛õ!Ó˚Óï≈˛ö âˆÏê˛

öy–

°!∏˛ xyˆÏ®y°ˆÏöÓ˚ !ÓhflÏyˆÏÓ˚Ó˚ ~•z ˛õÎ≈yÎ˚e´ü# Äë˛yöyüyˆÏÜ˛ Ó#ê˛ (beat) Ó°y •Î˚– ¢∑ !ÓK˛yˆÏö ˆòáy ÎyÎ˚

ˆÎñ Ü˛yåÈyÜ˛y!åÈ Ü˛¡õyˆÏB˛Ó˚ ò%•z!ê˛ fl∫Ó˚ ~Ü˛§ˆÏD ôù!öï˛ •ˆÏ° ¢ˆÏ∑Ó˚ ˛≤ÃyÓˆÏ°ƒ ˛õÎ≈yÎ˚e´ˆÏü ï˛yÓ˚ï˛üƒ âˆÏê˛– ~ˆÏÜ˛

xyüÓ˚y fl∫Ó˚Ü˛¡õ Ó!°– ~ §¡∫ˆÏ¶˛ xy˛õ!ö 7ü ~Ü˛ˆÏÜ˛ xyÓ˚Ä ˆÓ!¢ çyöˆÏï˛ ˛õyÓ˚ˆÏÓö–

~Ó˚˛õÓ˚ xyüÓ˚y ç!ê˛° Ó˚y!¢Ó˚ §y•yˆÏÎƒ ò%•z ~Ü˛ˆÏÓ˚á#Î˚ §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ö §¡∫ˆÏ¶˛ xyˆÏ°yã˛öy

Ü˛Ó˚Ó– !Ü˛v ï˛yÓ˚ xyˆÏà xy˛õ!ö •Î˚ï˛ ~Ü˛!ê˛ §yÇ!áƒÜ˛ (numerical) ≤ÃˆÏŸ¿Ó˚ §üyôyö Ü˛ˆÏÓ˚ !öˆÏï˛

ã˛y•zˆÏÓö–

xö%¢#°ö#ÙÈxö%¢#°ö#ÙÈxö%¢#°ö#ÙÈxö%¢#°ö#ÙÈxö%¢#°ö#ÙÈ3 :

ò%•z!ê˛ ~Ü˛ˆÏÓ˚á#Î˚ §Ó˚° ˆòy°à!ï˛Ó˚ §ü#Ü˛Ó˚î x
1
 = 20 sin (52πt) ˆ§!ü Ä x

2
 = 24 sin (48πt) ˆ§!üñ

ˆ§áyˆÏö tÈÙÈ~Ó˚ ~Ü˛Ü˛ ˆ§ˆÏÜ˛u˛– °!∏˛ ˆòy°à!ï˛Ó˚ §ü#Ü˛Ó˚î!ê˛ !öî≈Î˚ Ü˛Ó˚&ö–

2.5 ç!ê˛° Ó˚y!¢Ó˚ ÓƒÓ•yÓ˚ç!ê˛° Ó˚y!¢Ó˚ ÓƒÓ•yÓ˚ç!ê˛° Ó˚y!¢Ó˚ ÓƒÓ•yÓ˚ç!ê˛° Ó˚y!¢Ó˚ ÓƒÓ•yÓ˚ç!ê˛° Ó˚y!¢Ó˚ ÓƒÓ•yÓ˚

xy˛õöyÓ˚ •Î˚ï˛ üˆÏö xyˆÏåÈ ˆÎñ –1 Ó˚y!¢!ê˛Ó˚ Óà≈ü)°ˆÏÜ˛ xyüÓ˚y j !ã˛•´ !òˆÏÎ˚ !öˆÏò≈¢ Ü˛!Ó˚ ~ÓÇ ˆ§!ê˛ xÌÓy

ï˛yÓ˚ ˆÜ˛yöÄ =!îï˛Ü˛ˆÏÜ˛ Ü˛y“!öÜ˛ Ó˚y!¢ Ó!°– Ü˛y“!öÜ˛ Ä ÓyhflÏÓ Ó˚y!¢Ó˚ §üß∫ˆÏÎ˚ à!ë˛ï˛ ˆÜ˛yöÄ §ÇáƒyˆÏÜ˛

SˆÎüö 2 + 3i) xyüÓ˚y ç!ê˛° Ó˚y!¢ ÓˆÏ° Ìy!Ü˛– ej.θ ~Ó˚*˛õ ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢– ~!ê˛Ó˚ üyö cos θ + j sin

θ  xÌ≈yÍñ ~!ê˛Ó˚ ÓyhflÏÓ xÇ¢ cos θ  Ä Ü˛y“!öÜ˛ xÇ¢ j sin θ– xyüÓ˚y ˛õÓ˚Óï≈˛# xyˆÏ°yã˛öyÎ˚ Óy 

() j eθ

Ó°ˆÏï˛ ejθ Ó˚y!¢Ó˚ ÓyhflÏÓ xÇ¢ ~ÓÇ Ü˛y 

() j eθ

 Ó°ˆÏï˛ Ó˚y!¢!ê˛Ó˚ Ü˛y“!öÜ˛ xÇ¢ ˆÓyé˛yÓ–

ˆÎ ˆÜ˛yöÄ ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢ Z (= X + jY) ˆÜ˛ Aejθ  Ó˚*ˆÏ˛õ ˆ°áy ÎyÎ˚– §•ˆÏç•z ˆòáyˆÏöy ÎyÎ˚ ˆÎñ

~ˆÏ«˛ˆÏe A2 = X2 + Y2 = ZZ*, ˆÎáyˆÏö Z* ç!ê˛° Ó˚y!¢ Z ~Ó˚ Î%@¬ ç!ê˛° Ó˚y!¢ (complex conjugate)

~ÓÇ tan θ = 

Y
X

– à!îˆÏï˛Ó˚ ~•z ï˛Ìƒ=!° xyüÓ˚y ~áyˆÏöÏ Ü˛yˆÏç °yàyÓ–

xyüÓ˚y ~ÓyÓ˚ 2.6 §ü#Ü˛Ó˚î=!°ˆÏï˛ !ú˛ˆÏÓ˚ Îy•z– ~=!°ˆÏÜ˛ xyüÓ˚y xöƒû˛yˆÏÓ !°áˆÏï˛ ˛õy!Ó˚– Î!ò Z
1
 =

+1 ()
1

jt aeωθ

 ~ÓÇ Z
2
 = 

2 ()
2

jt ae+ ωθ

 ôÓ˚y ÎyÎ˚ñ ï˛ˆÏÓ x
1
 = Óy (Z

1
), x

2
 = Óy (Z

2
) ~ÓÇ x

1
 + x

2
 = Óy (Z

1

+ Z
2
)– ~áö Î!ò Z

1
 + Z

2
 = 

() jt Ae+ ωθ

 ˆ°áy •Î˚ñ ï˛ˆÏÓ ˛õ)ˆÏÓ≈Ó˚ üï˛ S§ü#Ü˛Ó˚î 2.7)
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x = x
1
+ x

2
 = A cos (ωt + θ)

A Ó˚y!¢Ó˚ üyö !öî≈Î˚ Ü˛Ó˚yÓ˚ çöƒ xyüÓ˚y !°áˆÏï˛ ˛õy!Ó˚ñ

(Z1 + Z2)e
–jωt = Aejθ §%ï˛Ó˚yÇñ

A2 = (Z
1
 + Z

2
)e–jωt.(Z

1
 + Z

2
)*ejωt

= (Z1 + Z2)(Z1 + Z2)
*

= 

()() ++−+−+ ++ 1212 ()()()()
1212

jtjtjtjt aeaeaeae ωθωθωθωθ

 (a
1
, a

2
 ÓyhflÏÓ §ÇáƒyV

= ( ) ( )( )− − −+ + +1 2 1 22 2
1 2 1 2

j ja a a a e eθ θ θ θ

Óyñ A2  = + + −2 2
1 2 1 2 1 22 cos( )a a a a θ θ

Îy 2.8 §ü#Ü˛Ó˚ˆÏîÓ˚ xö%Ó˚*˛õ

xyÓyÓ˚ ˆÎˆÏ•ï%˛ñ (Z
1
 + Z

2
)e–jωt

= 

+ 1122
jj aeae θθ

= (a
1
 cos θ

1
+a

2
 cos θ

2
) + j(a

1
 sin θ

1
+a

2
 sin θ

2
)

~•z Ó˚y!¢ˆÏÜ˛ (X + jY) Ó˚y!¢Ó˚ §ˆÏD ï%˛°öy Ü˛ˆÏÓ˚ xy˛õ!ö !°áˆÏï˛ ˛õyˆÏÓ˚ö

tan θ = 

+
+

1122

1122

sinsin
coscos

aa
aa

θθ
θθ

– ~!ê˛ 2.9 §ü#Ü˛Ó˚ˆÏîÓ˚ xö%Ó˚*˛õ–

xy˛õ!ö !öÿ˛Î˚•z xö%û˛Ó Ü˛Ó˚ˆÏåÈö ˆÎñ ç!ê˛° §ÇáƒyÓ˚ §y•yˆÏÎƒ §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ày!î!ï˛Ü˛

!ÓˆÏŸ’£Ïî !Ü˛å%Èê˛y §•ˆÏç Ü˛Ó˚y ÎyÎ˚– ~ÓyÓ˚ xyüÓ˚y §üˆÏÓ˚á Ä x§ü Ü˛¡õyˆÏB˛Ó˚ ò%•z ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚

ˆ«˛ˆÏe ~•z ˛õk˛!ï˛Ó˚ ≤ÃˆÏÎ˚yà Ü˛Ó˚Ó–

ç!ê˛° §ÇáƒyÓ˚ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ 2.12 §ü#Ü˛Ó˚î ò%!ê˛ˆÏï˛ ˆ°áy ÎyÎ˚ ≠

x
1
 = Óy 

() + 11 ()
1

jt aeωθ

Ä x
2
 = Óy ( )+2 2( )

2
j ta e ω θ

˛õ)ˆÏÓ≈Ó˚ üï  θ
1
 Ä θ

2
 ò¢yˆÏÜ˛yî=!°ˆÏÜ˛ ¢)öƒ ôˆÏÓ˚ !öˆÏÎ˚ ˆ°áy ˆÎˆÏï˛ ˛õyˆÏÓ˚

x = Óy ( )+1 2
1 2

j t j ta e a eω ω
 Óy (Z) ˆÎáyˆÏö Z = +1 2

1 2
j t j ta e a eω ω
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Î!ò a1 = a2 = a ôÓ˚y •Î˚ ï˛ˆÏÓ

Z = 

() + 12 jtjt aee ωω

°!∏˛ ˆòy°à!ï˛Ó˚ !ÓhflÏyÓ˚ Î!ò A •Î˚ ï˛ˆÏÓ

A2 = ZZ* = ( )( )− −+ +1 2 1 22 j t j t j t j ta e e e eω ω ω ω  [a ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy]

= ( )− − −+ +1 2 1 2( ) ( )2 2 j t j ta e eω ω ω ω

= 2a2[1 + 2 cos (ω
1
 – ω

2
)t]

= 
−⎛ ⎞

⎜ ⎟⎝ ⎠
2 2 1 24 cos

2
a t

ω ω

Óyñ A = 
−⎛ ⎞

⎜ ⎟⎝ ⎠
1 22 cos .

2
a t

ω ω
S§ü#Ü˛Ó˚î 2.15 ï%˛°ö#Î˚V

x˛õÓ˚˛õˆÏ«˛ñ a
1
 > a

2
 ôˆÏÓ˚ !öˆÏ°ñ ˛õyÄÎ˚y ÎyˆÏÓ

A2 = ZZ* = ( )( )− −+ +1 2 1 2
1 2 1 2

j t j t j t j ta e a e a e a eω ω ω ω

= ( ) ( )( )− − −+ + +1 2 1 22 2
1 2 1 2

j t j ta a a a e eω ω ω ω

= a a a a t1
2

2
2

1 2 1 22+ + −cos( )ω ω

xÌ≈yÍ A = ( )⎡ ⎤+ + −⎣ ⎦
1

2 2 2
1 2 1 2 1 22 cosa a a a tω ω S§ü#Ü˛Ó˚î 2.17 ï%˛°ö#Î˚V

~áyˆÏö xy˛õ!ö ˆòáˆÏï˛ ˆ˛õˆÏ°ö ˆÎñ ç!ê˛° §Çáƒy ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ x§ü Ü˛¡õyˆÏB˛Ó˚ ˆòy°à!ï˛Ó˚

í˛z˛õ!Ó˚˛õyï˛ˆÏöÓ˚ !ÓˆÏŸ’£ÏîÄ §•ˆÏç Ü˛Ó˚y ÎyÎ˚– ~ÓyÓ˚ ~ ôÓ˚ˆÏöÓ˚ ~Ü˛!ê˛ xö%¢#°ö# xy˛õ!ö !öˆÏç•z Ü˛ˆÏÓ˚ ˆòá%ö–

xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# xö%¢#°ö# -4 : ~Ü˛•z !ÓhflÏyˆÏÓ˚Ó˚ !ï˛ö!ê˛ §Ó˚° ˆòy°à!ï˛Ó˚ Ü˛¡õyB˛ §üyö !Ü˛v ò¢yˆÏÜ˛yî=!°Ó˚ ÓƒÓôyö

φ– °!∏˛ ˆòy°à!ï˛Ó˚ !ÓhflÏyÓ˚ !öî≈Î˚ Ü˛Ó˚&ö–

~ ˛õÎ≈hsˇ xyüÓ˚y ~Ü˛ˆÏÓ˚á#Î˚ ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ö §¡∫ˆÏ¶˛ xyˆÏ°yã˛öy Ü˛ˆÏÓ˚!åÈ– ~áö xyüÓ˚y ˛õÓ˚flõÓ˚

§üˆÏÜ˛yˆÏî ~Ü˛•z Ü˛¡õyˆÏB˛Ó˚ xÌÓy §Ó˚° xö%˛õyˆÏï˛ ò%•z !Ó!û˛ß¨ Ü˛¡õyˆÏB˛Ó˚ ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ö §¡∫ˆÏ¶˛

xyˆÏ°yã˛öy Ü˛Ó˚Ó–

2.6 ˛õÓ˚flõÓ˚ °¡∫y!û˛ü%á# ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛˛õÓ˚flõÓ˚ °¡∫y!û˛ü%á# ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛˛õÓ˚flõÓ˚ °¡∫y!û˛ü%á# ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛˛õÓ˚flõÓ˚ °¡∫y!û˛ü%á# ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛˛õÓ˚flõÓ˚ °¡∫y!û˛ü%á# ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛

xy˛õ!ö !öÿ˛Î˚•z ~Ü˛!ê˛ §Ó˚° ˆòy°ˆÏÜ˛Ó˚ à!ï˛ °«˛ƒ Ü˛ˆÏÓ˚ ÌyÜ˛ˆÏÓö– ~Ü˛!ê˛ §)ï˛yÓ˚ ~Ü˛≤ÃyˆÏhsˇ ~Ü˛!ê˛ ˆåÈyê˛

!ì˛° ˆÓÑˆÏô ˆ§!ê˛ˆÏÜ˛ é%˛!°ˆÏÎ˚ xy˛õ!ö ~Ü˛!ê˛ §Ó˚° ˆòy°Ü˛ ˜ï˛!Ó˚ Ü˛ˆÏÓ˚ !öˆÏï˛ ˛õyˆÏÓ˚ö– xyò¢≈ §Ó˚° ˆòy°ˆÏÜ˛Ó˚
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à!ï˛ ~Ü˛ §Ó˚°ˆÏÓ˚áyÎ˚ xyÓk˛ ÌyÜ˛ˆÏ°Ä ˆòy°ˆÏÜ˛Ó˚ !˛õ[˛!ê˛ ˆüyê˛yü%!ê˛û˛yˆÏÓ xö%û)˛!üÜ˛ ï˛ˆÏ° !Óã˛Ó˚î Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚–

~•z ï˛°!ê˛ˆÏÜ˛ x-y ï˛° !•§yˆÏÓ !ÓˆÏÓã˛öy Ü˛Ó˚ˆÏ° ˆòáy ÎyÎ˚ ˆÎñ x Ä yñ í˛zû˛Î˚ !òÜ˛ ÓÓ˚yÓÓ˚ !˛õu˛!ê˛ ~Ü˛•z Ü˛¡õyˆÏB˛

§Ó˚° ˆòy°à!ï˛ˆÏï˛ ã˛°yˆÏú˛Ó˚y Ü˛ˆÏÓ˚– ~ çyï˛#Î˚ ˆòy°Ü˛ˆÏÜ˛ xyüÓ˚y ˆày°#Î˚ ˆòy°Ü˛ (spherical pendulum)

Ó!° ~ÓÇ ~!ê˛ ˛õÓ˚flõÓ˚ §üˆÏÜ˛yˆÏî ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ˆÏöÓ˚ ~Ü˛!ê˛ §•ç í˛zòy•Ó˚î– Îáö ˆÜ˛yöÄ

Ó› ~Ü˛•z §ˆÏD ˛õÓ˚flõÓ˚ §üˆÏÜ˛yˆÏî ò%•z §Ó˚° ˆòy°à!ï˛ˆÏï˛ xyˆÏ®y!°ï˛ •Î˚ñ ï˛áö Ó›!ê˛Ó˚ à!ï˛˛õÌ ˆÜ˛üö

•Î˚ñ ˆ§!ê˛•z ~•z xÇˆÏ¢Ó˚ xyˆÏ°yã˛ƒ !Ó£ÏÎ˚– ≤ÃÌˆÏü xyüÓ˚y ò%•z ˆòy°à!ï˛Ó˚ Ü˛¡õyB˛ §üyö ÓˆÏ° ôˆÏÓ˚ ˆöÓ–

2.6.1 §üÜ˛¡õyB˛§üÜ˛¡õyB˛§üÜ˛¡õyB˛§üÜ˛¡õyB˛§üÜ˛¡õyB˛

ôÓ˚y ÎyÜ˛ñ ˆÜ˛yöÄ Ó› x Ä y !òÜ˛ ÓÓ˚yÓÓ˚ ~Ü˛•z Ü˛¡õyˆÏB˛Ó˚ ˆÎ §Ó˚° ˆòy°à!ï˛ˆÏï˛ ã˛°yã˛° Ü˛ˆÏÓ˚ñ ˆ§=!°Ó˚

§ü#Ü˛Ó˚î

x = a cos ωt

Ä y = b cos (ωt + φ)
....... 2.19

~áyˆÏö ò%•z ˆòy°à!ï˛Ó˚ !ÓhflÏyÓ˚ a Ä b– ò¢yÓ˚ xhsˇÓ˚ φ– ~áö xyüÓ˚y a, b Ä φ  ~Ó˚ í˛z˛õÓ˚ !Ó!û˛ß¨ ¢ï≈˛

xyˆÏÓ˚y˛õ Ü˛ˆÏÓ˚ ≤Ã!ï˛ ˆ«˛ˆÏe Ó›!ê˛Ó˚ à!ï˛ !öî≈Î˚ Ü˛Ó˚Ó–

(i) a = b,  φ = 0 ≠ ~ˆÏ«˛ˆÏe x = a cos ωt, y = a cos ωt xÌ≈yÍñ y = x– ~!ê˛ x xˆÏ«˛Ó˚ §ˆÏD

45º ˆÜ˛yˆÏî xyöï˛ §Ó˚°ˆÏÓ˚áyÓ˚ §ü#Ü˛Ó˚î– Ó›!ê˛Ó˚ à!ï˛˛õÌ 2.5(i) !ã˛ˆÏe ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ–

(ii) a ≠ b, φ = 0 ≠ ~ˆÏ«˛ˆÏe x = a cos ωt, y = b cos ωt xÌ≈yÍñ y = b
a

. x– ~•z §ü#Ü˛Ó˚î!ê˛

x xˆÏ«˛Ó˚ §ˆÏD 

−1 tanb
a

 ˆÜ˛yˆÏî xyöï˛ §Ó˚°ˆÏÓ˚áy !öˆÏò≈¢ Ü˛ˆÏÓ˚– 2.5 (ii) !ã˛ˆÏe ~•z à!ï˛˛õˆÏÌ ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ–

(iii) a = b, φ = π ≠ ~ˆÏ«˛ˆÏe x = a cos ωt, y = a cos (ωt + π) = – a cos ωt– xï˛~Óñ y

= –x, ˆÎ!ê˛ x xˆÏ«˛Ó˚ §ˆÏD –45º ˆÜ˛yˆÏî xyöï˛ §Ó˚°ˆÏÓ˚áyÓ˚ §ü#Ü˛Ó˚î S!ã˛e 2.5(iii))–

(iv) a  ≠ b, Q = π : x = a cos ωt, y = b cos (ωt + π) = – b cos ωt xï˛~Ó y = 

bx
a

−

ˆÎ!ê˛ x xˆÏ«˛Ó˚ §ˆÏD 
1tan b
a

−−  ˆÜ˛yˆÏî xyöï˛ §Ó˚°ˆÏÓ˚áy !öˆÏò≈¢ Ü˛ˆÏÓ˚ S!ã˛e 2.5(iv))

−1b
tan

a

−1b
tan

a
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(v) a = b, φ = 

2
π

: ~ˆÏ«˛ˆÏe x = a cos ωt, y = 

cos
2

atπ ω⎛⎞ + ⎜⎟ ⎝⎠

 = – a sin ωt x˛õöÎ˚ö Ü˛ˆÏÓ˚

˛õyÄÎ˚y ÎyÎ˚ ≠

x2 + y2 = a2

Îy ~Ü˛!ê˛ Ó,ˆÏ_Ó˚ §ü#Ü˛Ó˚î– ~•z ˆ«˛ˆÏe Ó›!ê˛ ~Ü˛!ê˛ Ó,_yÜ˛yÓ˚ ˛õˆÏÌ ã˛°ˆÏï˛ ÌyˆÏÜ˛ S!ã˛e 2.5(v))– °«˛ƒ

Ü˛Ó˚yÓ˚ !Ó£ÏÎ˚ ~•z ˆÎñ x xˆÏ«˛Ó˚ §ˆÏD Ó›!ê˛Ó˚ xÓfliyö ˆû˛QÓ˚ ˆÎ ˆÜ˛yî Ó˚ã˛öy Ü˛ˆÏÓ˚ñ ï˛y •° 

1 tany
x

−

 = –

ωt, xÌ≈yÍñ Ó›!ê˛ â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ !òÜ˛ ÓÓ˚yÓÓ˚ xÌ≈yÍ ò!«˛îyÓˆÏï≈˛ ã˛°ˆÏï˛ ÌyˆÏÜ˛– Î!ò y = cos
2

a t πω⎛ ⎞−⎜ ⎟⎝ ⎠

•ï˛ñ ï˛ˆÏÓ Ó›!ê˛Ó˚ à!ï˛Ó˚ ˆÜ˛yöÄ ˛õyÌ≈Ü˛ƒ âê˛ï˛ñ ï˛y xy˛õ!ö ˆû˛ˆÏÓ ˆòáˆÏï˛ ˛õyˆÏÓ˚ö–

(vi) a ≠ b, φ = 

2
π

: ~áyˆÏö x = a cos ωt, y = 

cos
2

btπ ω⎛⎞ + ⎜⎟ ⎝⎠

 = – b sin ωt

ˆÎˆÏ•ï%˛ñ 

x
a

 = cos ωt, 

y
b

 = – sin ωt, 

2 2

22
y x

ab
+

 = 1,

ˆÎ!ê˛ ~Ü˛!ê˛ í˛z˛õÓ,ˆÏ_Ó˚ (ellipse) §ü#Ü˛Ó˚î– ˛õ)ˆÏÓ≈Ó˚ üï˛ ˆòáy ÎyˆÏÓ ˆÎ Ó›!ê˛ ~Ü˛!ê˛ í˛z˛õÓ,_yÜ˛yÓ˚ ˛õˆÏÌ

â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ !òÜ˛ ÓÓ˚yÓÓ˚ ã˛°ˆÏï˛ ÌyˆÏÜ˛ S!ã˛e 2.5(vi))–

(vii) ¢ï≈˛•#ö xÓfliyÎ˚ñ xÌ≈yÍ a ≠ b, φ x!ö!ò≈‹T ≠ x = a cos ωt, y = b cos (ωt +φ)– ~•z ò%!ê˛

§ü#Ü˛Ó˚î ˆÌˆÏÜ˛ ωt x˛õöÎ˚ö Ü˛Ó˚y ÎyÜ˛–

y = b (cos ωt cos φ – sin ωt sin φ)

= 

2

2 ..cos1sin xx bb
aa

φφ −−
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xÌÓyñ cosy x
b a

− φ  = 

2

2 1.sin x
a

−−φ

xÌÓy í˛zû˛Î˚ !òˆÏÜ˛Ó˚ Óà≈ !öˆÏÎ˚ñ 

22
2

22
2 coscos yxxy
ab ba

+− φφ

 = 

2
2

2 1sin x
a

⎛⎞ − ⎜⎟ ⎝⎠
φ

xÌÓyñ

22

22
2cos xyxy
ab ab

+−φ

 = sin2 φ

~!ê˛ ~Ü˛!ê˛ ˆ•°yˆÏöy í˛z˛õÓ,ˆÏ_Ó˚ (inclined ellipse) §ü#Ü˛Ó˚î– xy˛õ!ö §•ˆÏç•z ˛õÓ˚#«˛y Ü˛ˆÏÓ˚ ˆòˆÏá !öˆÏï˛

˛õyˆÏÓ˚ö ˆÎñ φ ~Ó˚ üyö ¢)öƒ •ˆÏ° ~!ê˛ (ii) öÇ xÓfliyÎ˚ ~ÓÇ φ ~Ó˚ üyö 

2
π

 •ˆÏ° ~!ê˛ (vi) öÇ xÓfliyÓ˚ §ü#Ü˛Ó˚ˆÏî

˛õ!Ó˚îï˛ •Î˚– Îáö π > φ > 0, ï˛áö Ó›Ó˚ à!ï˛ â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ !òÜ˛ ÓÓ˚yÓÓ˚ xÌ≈yÍñ ò!«˛îyÓˆÏï≈˛ •Î˚– x˛õÓ˚˛õˆÏ«˛

– π < φ < 0 •ˆÏ°ñ à!ï˛ â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ !Ó˛õÓ˚#ï˛ !òˆÏÜ˛ Óy ÓyüyÓˆÏï≈˛ •Î˚–

~ÓyÓ˚ !öˆÏã˛Ó˚ xö%¢#°ö#!ê˛Ó˚ í˛z_Ó˚ !òˆÏï˛ xy˛õöyÓ˚ ˆÓyô•Î˚ û˛y°•z °yàˆÏÓ–

xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#-5 : §ˆÏD ˆòÄÎ˚y !ã˛e=!°ˆÏï˛ ˛õÓ˚flõÓ˚ §üˆÏÜ˛yˆÏî ÌyÜ˛y §üÜ˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚

í˛z˛õ!Ó˚˛õyï˛ˆÏöÓ˚ ú˛ˆÏ° í˛zq(ï˛ à!ï˛ ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ– ≤ÃˆÏï˛ƒÜ˛ ˆ«˛ˆÏe•z í˛zÕ‘¡∫ ˆòy°à!ï˛Ó˚ ò¢yˆÏÜ˛yî xö%û)˛!üÜ˛

ˆòy°à!ï˛Ó˚ ï%˛°öyÎ˚ ¢)öƒ xÌÓy 
4
π

~Ó˚ ˆÜ˛yö =!îï˛ˆÏÜ˛ ~!àˆÏÎ˚ xyˆÏåÈ– ≤Ã!ï˛!ê˛ !ã˛ˆÏeÓ˚ çöƒ ò¢yˆÏÜ˛yî!ê˛Ó˚ üyö

!°á%ö–

~•z xÇˆÏ¢ xyüÓ˚y §üyö Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛ˆÏï˛•z xyˆÏ°yã˛öy §#!üï˛ ˆÓ˚ˆÏá!åÈ– ˛õÓ˚flõÓ˚

§üˆÏÜ˛yˆÏî ˆÎ ˆÜ˛yöÄ ò%‰•z Ü˛¡õyˆÏB˛Ó˚ §Ó˚° ˆòy°à!ï˛ ~Ü˛!eï˛ •ˆÏ°ñ Ó›Ó˚ à!ï˛˛õÌ §yôyÓ˚îû˛yˆÏÓ xï˛ƒhsˇ ç!ê˛°

•Î˚– Ü˛¡õyB˛ ò%•z!ê˛Ó˚ xö%˛õyï˛ §Ó˚° •ˆÏ° SÎÌy 1:1, 1:2, 1:3 •zï˛ƒy!òV Ó›!ê˛ x-y ï˛ˆÏ° ~Ü˛ !ö!ò≈‹T xyÓk˛

˛õˆÏÌ ã˛°ˆÏï˛ ÌyˆÏÜ˛– ~•z xyÓk˛ à!ï˛˛õÌ=!° !°§yç%§‰ Sí˛zFã˛yÓ˚î !°§yç% zV !ã˛e (Lissajous figures) öyˆÏü

˛õ!Ó˚!ã˛ï˛– ~áö xyüÓ˚y ~Ü˛!ê˛ Ü˛¡õyB˛ xöƒ!ê˛Ó˚ §Ó˚° =!îï˛Ü˛ ôˆÏÓ˚ !öˆÏÎ˚ à!ï˛˛õÌ !öî≈Î˚ Ü˛Ó˚Ó–
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2.6.2 ~Ü˛!ê˛ Ü˛¡õyB˛ xöƒ!ê˛Ó˚ =!îï˛Ü˛~Ü˛!ê˛ Ü˛¡õyB˛ xöƒ!ê˛Ó˚ =!îï˛Ü˛~Ü˛!ê˛ Ü˛¡õyB˛ xöƒ!ê˛Ó˚ =!îï˛Ü˛~Ü˛!ê˛ Ü˛¡õyB˛ xöƒ!ê˛Ó˚ =!îï˛Ü˛~Ü˛!ê˛ Ü˛¡õyB˛ xöƒ!ê˛Ó˚ =!îï˛Ü˛     (Frequencies in the ratio of 1:2)

SÜ˛V ôÓ˚y ÎyÜ˛ñ y !òÜ˛ ÓÓ˚yÓÓ˚ §Ó˚° ˆòy°à!ï˛Ó˚ Ü˛¡õyB˛ x !òÜ˛ ÓÓ˚yÓÓ˚ §Ó˚° ˆòy°à!ï˛Ó˚ Ü˛¡õyˆÏB˛Ó˚ !m=î–

Ü˛¡õyB˛ !û˛ß¨ •ÄÎ˚yÎ˚ ò%•z ˆòy°à!ï˛Ó˚ ò¢yhsˇÓ˚ §Ó≈òy•z ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏï˛ ÌyÜ˛ˆÏÓ– t = 0 §üˆÏÎ˚ ≤ÃyÌ!üÜ˛ ò¢yhsˇÓ˚

φ ôˆÏÓ˚ !öˆÏÎ˚ xyüÓ˚y ˆòy°à!ï˛=!°Ó˚ §ü#Ü˛Ó˚î !°áˆÏï˛ ˛õy!Ó˚ ≠

x = a cos ωt

y = b cos (2ωt +φ)
....... 2.20

~áö xyüÓ˚y φ ~Ó˚ Ü˛ˆÏÎ˚Ü˛!ê˛ !ö!ò≈‹T üyˆÏöÓ˚ çöƒ à!ï˛˛õˆÏÌÓ˚ §ü#Ü˛Ó˚î !öî≈Î˚ Ü˛Ó˚Ó–

(i) φ  = 0 : x = a cos ωt ~ÓÇ y = b cos 2ωt ˆÌˆÏÜ˛ ˛õyÄÎ˚y

ÎyˆÏÓ

y = b(2 cos2ωt – 1)

Óyñ y = 

2

2 21 x b
a

⎛⎞ − ⎜⎟ ⎝⎠

~!ê˛ ~Ü˛!ê˛ x!ôÓ,ˆÏ_Ó˚ (Parabola) §ü#Ü˛Ó˚î– ~Ó˚ ˆ°á!ã˛e!ê˛

2.5(i) !ã˛ˆÏe ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ–

(ii) φ = 

2
π: ~ˆÏ«˛ˆÏe x = a cos ωt ~ÓÇ y = 

cos2
2

btπ ω ⎛⎞ + ⎜⎟ ⎝⎠

 = – b sin 2ωt–

§%ï˛Ó˚yÇñ y = –2b sin ωt cos ωt = 

2

2 21 xx b
aa

−−

xÌÓyñ

2

2
y
b

 = 

22

22
41 xx
aa

⎛⎞ − ⎜⎟ ⎝⎠

~Ó˚ ˆ°á!ã˛e!ê˛ 2.6(ii) !ã˛ˆÏe ˆòáyˆÏöy •°– ~!ê˛Ó˚ xyÜ,˛!ï˛ Ú4Û

§Çáƒy!ê˛Ó˚ üï˛–

(iii) φ = π : ~•z ˆ«˛ˆÏe x = a cos ωt

y = b cos (2ωt +π) = – b cos 2ωt = – b(2 cos2 ωt

–1)

Óyñ y = 

2

2 12x b
a

⎛⎞ − ⎜⎟ ⎝⎠

~!ê˛Ä ~Ü˛!ê˛ x!ôÓ,ˆÏ_Ó˚ §ü#Ü˛Ó˚î ~ÓÇ 2.6(iii) !ã˛ˆÏe ~Ó˚

ˆ°á!ã˛e!ê˛ ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ–

!ã˛e 2.6(i)
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≤Ã!ï˛!ê˛ ˆ«˛ˆÏe•z xy˛õ!ö °«˛ƒ Ü˛Ó˚ˆÏÓö ˆÎñ ˆòy°à!ï˛ˆÏï˛ §MÈ˛yÓ˚üyö !Ó®%!ê˛ Îáö x !òˆÏÜ˛ ~Ü˛!ê˛ §¡õ)î≈

ˆòy°ö ˆ¢£Ï Ü˛ˆÏÓ˚ñ ï˛ï˛«˛ˆÏî y !òˆÏÜ˛ ò%•z!ê˛ ˆòy°ö §üyÆ •Î˚–

φ ˆÜ˛yˆÏîÓ˚ xöƒyöƒ üyˆÏöÓ˚ çöƒÄ !mü%á# ˆòy°à!ï˛Ó˚ à!ï˛˛õˆÏÌÓ˚ §ü#Ü˛Ó˚î !öî≈Î˚ §Ω˛Ó– ï˛ˆÏÓ ˆ§=!° xï˛ƒhsˇ

ç!ê˛° •ÄÎ˚yÎ˚ xyüÓ˚y φ ~Ó˚ x!ö!ò≈‹T üyˆÏöÓ˚ çöƒ à!ï˛˛õÌ !öî≈Î˚ Ü˛Ó˚°yü öy–

SáV ~ÓyÓ˚ ôÓ˚&öñ y !òˆÏÜ˛Ó˚ ˆòy°à!ï˛Ó˚ Ü˛¡õyB˛ x !òˆÏÜ˛Ó˚ !ï˛ö =î– ~•z ˆ«˛ˆÏe ≤ÃyÌ!üÜ˛ ò¢yhsˇˆÏÓ˚Ó˚ üyö

¢)öƒ ôˆÏÓ˚ !öˆÏÎ˚ xyüÓ˚y !mü%á# ˆòy°à!ï˛Ó˚ ˛õÌ!ê˛ ÓyÓ˚ Ü˛Ó˚Ó– x Ä y §ü#Ü˛Ó˚î=!° ˆ°áy ÎyÜ˛ ≠

x = a cos ωt

y = b cos3 ωt
....... 2.21

à!îˆÏï˛Ó˚ §)e xö%ÎyÎ˚# y = b (4 cos 3ωt –3 cos ωt)

= 

2

2 .43 xx b
aa

⎛⎞ − ⎜⎟ ⎝⎠

~!ê˛ ~Ü˛!ê˛ !eâyï˛ §ü#Ü˛Ó˚î– ~Ó˚ ˆ°á!ã˛e!ê˛ ˛õyˆÏ¢ x!B˛ï˛

•°– °«˛ƒ Ü˛ˆÏÓ˚ ˆòá%öñ §MÈ˛Ó˚üyö !Ó®%!ê˛ t = 0 §üˆÏÎ˚ A !Ó®%

(x = a, y = b) ˆÌˆÏÜ˛ Îyey ÷Ó˚& Ü˛ˆÏÓ˚ 

2π
ω

 §üˆÏÎ˚Ó˚ üˆÏôƒ

ABCDEDCBA ˛õÌ x!ï˛e´ü Ü˛ˆÏÓ˚– ~•z §üˆÏÎ˚ x !òˆÏÜ˛ ~Ü˛!ê˛ Ä y !òˆÏÜ˛ !ï˛ö!ê˛ §¡õ%)î≈ ˆòy°ö (ABD,

DED Ä DBA) §üyÆ •Î˚–

SàV §yôyÓ˚îû˛yˆÏÓ Ó°y ÎyÎ˚ ˆÎñ x Ä y !òˆÏÜ˛Ó˚ Ü˛¡õyB˛ ò%!ê˛Ó˚ xö%˛õyï˛ Î!ò ò%•z ˛õ)î≈§ÇáƒyÓ˚ xö%˛õyˆÏï˛Ó˚

§üyö •Î˚ñ ï˛ˆÏÓ §MÈ˛Ó˚üyö !Ó®%!ê˛ ~Ü˛!ê˛ Ók˛˛õˆÏÌ ã˛°yã˛° Ü˛ˆÏÓ˚– xÓ¢ƒ ˛õ)î≈§Çáƒy ò%!ê˛ Îï˛ Óí˛¸ •Î˚ñ Ók˛˛õÌ!ê˛Ä

ï˛ï˛•z ç!ê˛° •Î˚–

2.6.3 !°§yç%§ !ã˛ˆÏeÓ˚ ≤Ãò¢≈ö!°§yç%§ !ã˛ˆÏeÓ˚ ≤Ãò¢≈ö!°§yç%§ !ã˛ˆÏeÓ˚ ≤Ãò¢≈ö!°§yç%§ !ã˛ˆÏeÓ˚ ≤Ãò¢≈ö!°§yç%§ !ã˛ˆÏeÓ˚ ≤Ãò¢≈ö

~Ü˛!ê˛ Ü˛ƒyˆÏÌyí˛ÈÙÈˆÓ˚ x!§ˆÏ°yˆÏflÒy˛õ (cathode-

ray oscilloscope) Ä ò%•z!ê˛ x!í˛ÄÈÙÈx!§ˆÏ°ê˛ˆÏÓ˚Ó˚

(audio-oscillator) §y•yˆÏÎƒ x!ï˛ §%®Ó˚û˛yˆÏÓ

!°§yç%§ !ã˛e ≤Ãò¢≈ö Ü˛Ó˚y ÎyÎ˚– x!í˛Ä x!§ˆÏ°ê˛Ó˚=!°

ˆÎ ˆÜ˛yöÄ ◊yÓƒ Ü˛¡õyˆÏB˛Ó˚ ˜Óò%ƒ!ï˛Ü˛ §ˆÏB˛ï˛

(signal) í˛zÍ˛õyòö Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚– ~Ó˚*˛õ ~Ü˛!ê˛

x!§ˆÏ°ê˛yˆÏÓ˚Ó˚ §ˆÏB˛ï˛ˆÏÜ˛ x!§ˆÏ°yˆÏflÒyˆÏ˛õÓ˚ x xˆÏ«˛Ó˚
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•zö‰˛õ%ê˛ ~ÓÇ x˛õÓ˚ ~Ü˛!ê˛ x!§ˆÏ°ê˛yˆÏÓ˚Ó˚ §ˆÏB˛ï˛ˆÏÜ˛ x!§ˆÏ°yˆÏflÒyˆÏ˛õÓ˚ y xˆÏ«˛Ó˚ •zö‰˛õ%ê˛ !•§yˆÏÓ ÓƒÓ•yÓ˚ Ü˛Ó˚y

•Î˚– x •zö‰˛õ%ê˛ §ˆÏB˛ˆÏï˛Ó˚ ú˛ˆÏ° x!§ˆÏ°yˆÏflÒyˆÏ˛õÓ˚ ˛õò≈yÎ˚ •zˆÏ°Ü˛ê˛Δö !Óü (beam) myÓ˚y §,‹T í˛zIμ° !Ó®%!ê˛

xö%û)˛!üÜ˛ !òˆÏÜ˛ §ˆÏB˛ï˛ÈÙÈ!Óû˛Ó xö%ÎyÎ˚# §Ó˚° ˆòy°à!ï˛ˆÏï˛ ã˛°yã˛° Ü˛ˆÏÓ˚– xyÓyÓ˚ñ y •zö‰˛õ%ê˛ §ˆÏB˛ï˛!ê˛ ˙ !Ó®%ˆÏÜ˛

í˛zÕ‘¡∫!òˆÏÜ˛ §ˆÏB˛ï˛ÈÙÈ!Óû˛Ó xö%ÎyÎ˚# Äë˛yöyüy Ü˛Ó˚yÎ˚– ~áö Î!ò ò%•z §ˆÏB˛ˆÏï˛Ó˚ Ü˛¡õyB˛ §Ó˚° xö%˛õyˆÏï˛ ÌyˆÏÜ˛ñ

ï˛ˆÏÓ xö%û)˛!üÜ˛ Ä í˛zÕ‘¡∫ ~•z ò%•z à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ú˛ˆÏ° í˛zIμ° !Ó®%!ê˛ x!ï˛ o&ï˛ !°§yç%§ !ã˛e xö%§Ó˚î

Ü˛ˆÏÓ˚ ôy!Óï˛ •ˆÏÓ ~ÓÇ x!§ˆÏ°yˆÏflÒyˆÏ˛õÓ˚ ˛õò≈yÎ˚ !°§yç%§ !ã˛e!ê˛ ˆòáy ÎyˆÏÓ–

í˛z˛õˆÏÓ˚Ó˚ ˛õÓ˚#«˛y!ê˛ xy˛õ!ö ˆÜ˛yö •zˆÏ°Ü˛ê˛Δ!öÜ‰˛ˆÏ§Ó˚ ˛õÓ˚#«˛yàyˆÏÓ˚ Ü˛yç Ü˛Ó˚yÓ˚ §%ˆÏÎyà ˆ˛õˆÏ° Ü˛ˆÏÓ˚ ˆòáˆÏï˛

˛õyÓ˚ˆÏÓö– !Ü˛v ~ÓyÓ˚ xy˛õ!ö !öˆÏç•z ~Ü˛!ê˛ !ÓˆÏ¢£Ï ˆ«˛ˆÏe !°§yç%§ !ã˛e xB˛ˆÏöÓ˚ ˆã˛‹Ty Ü˛Ó˚&ö–

xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#-6 : ôˆÏÓ˚ !ööñ x = a sin 2ωt ~ÓÇ x = a sin ωt ~•z ò%•z §Ó˚° ˆòy°à!ï˛ í˛z˛õ!Ó˚˛õy!ï˛ï˛

•ˆÏÎ˚ˆÏåÈ– °!∏˛ ˆòy°à!ï˛Ó˚ !°§yç%§ !ã˛e!ê˛Ó˚ §ü#Ü˛Ó˚î !öî≈Î˚ Ü˛Ó˚&ö ~ÓÇ !ã˛e!ê˛ xÑyÜ%˛ö–

2.7 §yÓ˚yÇ¢§yÓ˚yÇ¢§yÓ˚yÇ¢§yÓ˚yÇ¢§yÓ˚yÇ¢

~Ü˛•z §Ó˚°ˆÏÓ˚áyÎ˚ ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ §ÇáƒÜ˛ §Ó˚° ˆòy°à!ï˛ í˛z˛õ!Ó˚˛õy!ï˛ï˛ •ˆÏÎ˚ öï%˛ö ~Ü˛ ôÓ˚ˆÏöÓ˚ ˆòy°à!ï˛

í˛zÍ˛õß¨ Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚– xyÓyÓ˚ ˛õÓ˚flõÓ˚ §üˆÏÜ˛yî# ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ˆÏö ~Ü˛!ê˛ !müy!eÜ˛ à!ï˛Ó˚

§,!‹T •ˆÏï˛ ˛õyˆÏÓ˚– ~•z ~Ü˛ˆÏÜ˛ §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ˆÏöÓ˚ ö#!ï˛ ~ÓÇ ˆÎ ò%•z ôÓ˚ˆÏöÓ˚ í˛z˛õ!Ó˚˛õyï˛ˆÏöÓ˚

í˛zˆÏÕ‘á Ü˛Ó˚y •°ñ ˆ§=!° xyˆÏ°y!ã˛ï˛ •ˆÏÎ˚ˆÏåÈ– §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ˆÏöÓ˚ !ÓˆÏŸ’£ÏˆÏî ç!ê˛° Ó˚y!¢Ó˚

ÓƒÓ•yˆÏÓ˚Ó˚ §ˆÏDÄ xy˛õ!ö ˛õ!Ó˚!ã˛ï˛ •ˆÏÎ˚ˆÏåÈö–

xyüÓ˚y ˆòˆÏá!åÈ ˆÎñ

~Ü˛•z §Ó˚°ˆÏÓ˚áyÎ˚ §üyö Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ §Ç!ü◊ˆÏî ˙ Ü˛¡õyˆÏB˛Ó˚ ~Ü˛!ê˛ öï%˛ö §Ó˚°

ˆòy°à!ï˛Ó˚ í˛zqÓ •Î˚–

~Ü˛•z §Ó˚°ˆÏÓ˚áyÎ˚ x§ü Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ˆÏö ~üö ~Ü˛!ê˛ ˛õÎ≈yÓ,_ à!ï˛Ó˚

§,!‹T •Î˚ñ ÎyˆÏÜ˛ §Ó˚° ˆòy°à!ï˛ Ó°y ÎyÎ˚ öy ~ÓÇ ÎyÓ˚ ˛õÎ≈yÎ˚Ü˛y° ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ ˛õÎ≈yÎ˚Ü˛y°=!°Ó˚

°.§y.=– ï˛ˆÏÓ Ü˛¡õyÏB˛mˆÏÎ˚Ó˚ ÓƒÓôyö Îáö ï˛yˆÏòÓ˚ àí˛¸ üyˆÏöÓ˚ ï%˛°öyÎ˚ x!ï˛ «˛%oñ ï˛áö àí˛¸ Ü˛¡õyˆÏB˛Ó˚

~Ü˛ ˆòy°à!ï˛ í˛zÍ˛õß¨ •Î˚ñ ÎyÓ˚ !ÓhflÏyÓ˚ §Ó˚° ˆòy°à!ï˛ˆÏï˛ Äë˛yöyüy Ü˛ˆÏÓ˚–

˛õÓ˚flõÓ˚ §üˆÏÜ˛yî# ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ Ü˛¡õyB˛ Î!ò §Ó˚° xö%˛õyˆÏï˛ ÌyˆÏÜ˛ñ ï˛ˆÏÓ ˆ§=!°Ó˚

í˛z˛õ!Ó˚˛õyï˛ˆÏö !°§yç%§ !ã˛e öyˆÏü xyÓk˛ Óe´ˆÏÓ˚áy ÓÓ˚yÓÓ˚ à!ï˛Ó˚ §,!‹T •Î˚–

2.8 §Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#

1. Î!ò r1(t) = r10 sin ωt ~ÓÇ r2(t) = r20 sin ωt ˆÜ˛yöÄ §Ó˚° ˆòy°à!ï˛Ó˚ §ü#Ü˛Ó˚îˆÏÜ˛ !§k˛ Ü˛ˆÏÓ˚ñ

ï˛ˆÏÓ r
1
(t) + r

2
(t) ˙ §ü#Ü˛Ó˚î!ê˛ˆÏÜ˛ !§k˛ Ü˛Ó˚ˆÏÓ– ~Ó˚ Ü˛yÓ˚î Ü˛#⁄ §Ó˚° ˆòy°à!ï˛ ò%•z!ê˛Ó˚ Ü˛¡õyB˛ §üyö

öy •ˆÏ° Ü˛# âˆÏê˛⁄
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2. ò%•z!ê˛ §Ó˚° ˆòy°à!ï˛Ó˚ §ü#Ü˛Ó˚î x
1
 = A cos (ωt – 30º) Ä x2 = A cos (ωt + 30º)– ˆû˛QÓ˚

˛õk˛!ï˛ˆÏï˛ ~ÓÇ ç!ê˛° Ó˚y!¢Ó˚ ˛õk˛!ï˛ˆÏï˛ ~•z ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ °!∏˛ !öî≈Î˚ Ü˛Ó˚&ö–

3. ˛õyˆÏ¢ ˆÎ !ã˛e!ê˛ ˆòÄÎ˚y •ˆÏÎ˚ˆÏåÈ ï˛yˆÏï˛ ~Ü˛!ê˛ !˛õ[˛ B

P
1
 ˛õ%!° ˆÌˆÏÜ˛ ˆé˛y°yˆÏöy xyˆÏåÈ– X Ä Y ≤Ãyhsˇ!Ó!¢‹T ~Ü˛!ê˛

§%ï˛y P
2
 Ä P

3
 ˛õ%!°Ó˚ í˛z˛õÓ˚ !òˆÏÎ˚ !àˆÏÎ˚ˆÏåÈ ~ÓÇ ˆ§!ê˛ P

1

˛õ%!°Ó˚ ï˛°y !òˆÏÎ˚ !àˆÏÎ˚ ˆ§!ê˛ˆÏÜ˛ xy°!¡∫ï˛ ˆÓ˚ˆÏáˆÏåÈ– P2 Ä

P
3
 ˛õ%!° ˆÌˆÏÜ˛ §%ï˛yÓ˚ X Ä Y ≤ÃyhsˇmˆÏÎ˚Ó˚ ò)Ó˚hsˇ ÎÌye´ˆÏü x

Ä y– ~áö Î!ò X Ä Y ≤Ãyhsˇ ò%•z!òˆÏÜ˛ ~üöû˛yˆÏÓ xyˆÏ®y!°ï˛

Ü˛Ó˚y •Î˚ ÎyˆÏï˛ x Ä y ÎÌye´ Ï̂ü 5Ä6 ˆ§ˆÏÜ˛u˛ ˛õÎ≈yÎ˚Ü˛yˆÏ°

§üyö !ÓhflÏyˆÏÓ˚ §Ó˚° ˆòy°à!ï˛ˆÏï˛ Äë˛yöyüy Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ B

!˛õ[˛!ê˛Ó˚ à!ï˛ ˆÜ˛üö •ˆÏÓ xyˆÏ°yã˛öy Ü˛Ó˚&ö–

4. ˆÜ˛yöÄ Ó› x Ä y !òÜ˛ ÓÓ˚yÓÓ˚ ~Ü˛•z !ÓhflÏyÓ˚ Ä Ü˛¡õyˆÏB˛Ó˚ §Ó˚° ˆòy°à!ï˛ˆÏï˛ ã˛°yã˛° Ü˛Ó˚ˆÏåÈ– x !òˆÏÜ˛Ó˚

ˆòy°à!ï˛Ó˚ ò¢yˆÏÜ˛yî y !òˆÏÜ˛Ó˚ ï%˛°öyÎ˚ 60º ~!àˆÏÎ˚ xyˆÏåÈ– Ó›!ê˛Ó˚ à!ï˛˛õÌ xB˛ö Ü˛Ó˚&ö–

5. §)ˆÏÎ≈Ó˚ ü•yÜ˛ˆÏ£Ï≈Ó˚ ≤Ãû˛yˆÏÓ ˛õ,!ÌÓ#Ó˚ Ü˛«˛˛õÌ ~Ü˛!ê˛ í˛z˛õÓ,_– ˛õ,!ÌÓ#Ó˚ à!ï˛ !Ü˛ ò%•z!ê˛ §üÜ˛¡õyˆÏB˛Ó˚ §Ó˚°

ˆòy°ˆÏöÓ˚ !ü!°ï˛ ú˛° ÓˆÏ° üˆÏö Ü˛Ó˚y ÎyÎ˚⁄

6. ˛õÓ˚flõÓ˚ °¡∫y!û˛ü%á# ò%!ê˛ x§üyö Ü˛¡õyˆÏB˛Ó˚ §Ó˚° ˆòy°à!ï˛ í˛z˛õ!Ó˚˛õy!ï˛ï˛ •ˆÏÎ˚ˆÏåÈñ ÎyˆÏòÓ˚ üôƒ!Ó®%

~Ü˛•z– ~ˆÏ«˛ˆÏe Ó›Ü˛îyÓ˚ í˛z˛õÓ˚ °!∏˛ Ó° !Ü˛ §Ó˚ˆÏîÓ˚ !Ó˛õÓ˚#ï˛ x!û˛ü%á# ~ÓÇ §üyö%˛õyï˛# •ˆÏÓ⁄

2.9 í˛z_Ó˚üy°yí˛z_Ó˚üy°yí˛z_Ó˚üy°yí˛z_Ó˚üy°yí˛z_Ó˚üy°y

xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#xö%¢#°ö#

1. ôˆÏÓ˚ !öö θ
1
(t) ~ÓÇ θ

2
(t) í˛zû˛ˆÏÎ˚•z ≤Ãò_ §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyö– §%ï˛Ó˚yÇñ

2
1
21 sin

dg
l dt

+ θθ

 = 0 ~ÓÇ 

2
2
22 sin

dg
l dt

+ θθ

 = 0

ò%!ê˛ §ü#Ü˛Ó˚ˆÏîÓ˚ ˆÎyàú˛° 

2
12

212

()
(sinsin)

dg
l dt

+++ θθθθ

 = 0.

!Ü˛v ˆòy°ˆÏÜ˛Ó˚ ˆ«˛ˆÏe í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛ ≤ÃˆÏÎyçƒ •ˆÏ° ≤ÃˆÏÎ˚yçö#Î˚ ¢ï≈˛

2
12

212

()
sin()

dg
l dt

+++ θθθθ

 = 0.
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ˆÎˆÏ•ï%˛ sin θ
1
 + sin θ

2
 = sin (θ

1
 + θ

2
) §ü#Ü˛Ó˚î!ê˛ §yôyÓ˚îû˛yˆÏÓ §ï˛ƒ öÎ˚ñ xï˛~Ó ~ˆÏ«˛ˆÏe

í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ ö#!ï˛ ≤ÃˆÏÎ˚yà Ü˛Ó˚y ÎyÎ˚ öy–

2. ≤ÃÌˆÏü•z ôÓ˚y ÎyÜ˛ñ 50t + 30º = 50t', ÎyÓ˚ xÌ≈ ~•z ˆÎñ xyüÓ˚y t = – 30º/50 ü%•)ï≈˛ ˆÌˆÏÜ˛ t' §üÎ˚

àîöy Ü˛Ó˚!åÈ– t ~Ó˚ ˛õ!Ó˚ÓˆÏï≈˛ t' ÓƒÓ•yÓ˚ Ü˛Ó˚ˆÏ° §Ó˚° ˆòy°à!ï˛ ò%•z!ê˛Ó˚ §ü#Ü˛Ó˚î òÑyí˛¸yÎ˚

x
1
 = 5 cos 50t'

Ä x
2
 = 12 cos (50t' + 90º)

~áö 2.8 Ä 2.9 §)e ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ñ ˆÎˆÏ•ï%˛ θ1 = 0, θ2 = 90º

!ÓhflÏyÓ˚ A = 

()
1

222 512 +

 = 13

~ÓÇ ò¢yˆÏÜ˛yî θ  = 1 12tan
5

− ≈ 67º

3. °!∏˛ ˆòy°à!ï˛Ó˚ §ü#Ü˛Ó˚î

x = x
1 
+ x

2
 = 20 sin (52πt) + 24 sin (48πt)

= 22[sin (52πt) + sin (48πt)] – 2 [sin (52πt) –sin (48πt)]

= 52 48 52 48 52 48 52 4844sin cos 4sin cos
2 2 2 2

t t t tπ π π π+ − − +−

= 44 sin 50πt cos 2πt – 4 sin 2πt cos 50πt

ôˆÏÓ˚ !ööñ 44 cos 2πt = A cos φ

~ÓÇñ 4 sin 2πt = A sin φ

∴ x = A cos φ sin 50πt – A sin φ cos 50πt

= A sin (50πt – φ)

~áyˆÏöñ A2 = (A cos φ)2 + (A sin φ)2

= (20 + 24)2 cos2 2πt + (24 – 20)2 sin2 2πt

= 202 + 242 + 2. 20. 24 cos 4πt

=976 + 960 cos 4πt

~ÓÇ tan φ = 
sin
cos

A
A

φ
φ  = 

1tan2
11

t π

.



56

4. ôÓ˚y ÎyÜ˛ ˆòy°à!ï˛=!°Ó˚ §ü#Ü˛Ó˚î

x
1
 = a cos (ωt – φ )

x
2
 = a cos ωt

~ÓÇñ x3 = a cos (ωt + φ )

§%ï˛Ó˚yÇñ x = x1+ x2 + x3 = Óy (Z) ˆÎáyˆÏö

Z = 

()() jtjtjt aeaeae ωφωωφ −+ ++

Z = 

1 jtjqjq aeee ω− ⎡⎤ ++ ⎣⎦

= 

[] 12cos jt aeωφ +

§%ï˛Ó˚yÇñ °∏˛ ˆòy°à!ï˛ (Z Ó˚ ÓyhflÏÓ xÇ¢V

x = a cos ωt (1+ 2 cos φ)

~ÓÇ °!∏˛ ˆòy°à!ï˛Ó˚ !ÓhflÏyÓ˚ A

A = a (1 + 2 cos φ)

5. ò¢yˆÏÜ˛yˆÏîÓ˚ üyö SÜ˛V π, SáV 
7
4
π , SàV 0, SâV 

2
π

, SäV 

3
4
π

ñ Sã˛V 

5
4
π

, SåÈV 

3
2
π

,  SçV 

4
π

6. ~ˆÏ«˛ˆÏe sin ωt = 

y
a

 ~ÓÇ cos ωt = 

2

2 1y
a

−

x = a sin 2ωt = 2a sin ωt cos ωt = 
2

22 1 yy
a

−

!°§yç%§ !ã˛e xÑyÜ˛yÓ˚ çöƒ §yÓ˚î# ≠

y = 0 a±

2
a ±

2
a ±

x = 0 0 3
2

a± a±
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§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#§Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#

1. ≤ÃˆÏŸ¿Ó˚ ≤ÃÌü xÇ¢!ê˛ 2.2 xÇˆÏ¢ xyˆÏ°y!ã˛ï˛ •ˆÏÎ˚ˆÏåÈ– !mï˛#Î˚ xÇ¢!ê˛Ó˚ !Ó£ÏˆÏÎ˚ xy˛õ!ö 2.4 xÇ Ï̂¢

˛õˆÏí˛¸ˆÏåÈö– xy˛õ!ö !öÿ˛Î˚•z Ó%é˛ˆÏï˛ ˆ˛õˆÏÓ˚ˆÏåÈö ˆÎñ x§ü Ü˛¡õyˆÏB˛Ó˚ ò%•z §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ˆÏö ˆÎ

˛õÎ≈yÎ˚à!ï˛ í˛zÍ˛õß¨ •Î˚ñ ï˛y §Ó˚° ˆòy°à!ï˛ öÎ˚– 2.16, 2.17, 2.18 §)e í˛zk,˛ï˛ Ü˛ˆÏÓ˚ ~•z xÇˆÏ¢Ó˚ í˛z_Ó˚ !òˆÏï˛

˛õyÓ˚ˆÏÓö–

2. ˆû˛QÓ˚ ˛õk˛!ï˛ˆÏï˛ ≠ x
1
 Ä x

2
 ˆòy°à!ï˛ ò%!ê˛ˆÏÜ˛ xyüÓ˚y A ˜òˆÏâ≈ƒÓ˚ ò%•z!ê˛ ˆû˛QÓ˚ myÓ˚y §)!ã˛ï˛ Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚–

x xˆÏ«˛Ó˚ §ˆÏD ~=!° ÎÌye´ˆÏü ωt – 30º Ä ωt + 30º ˆÜ˛yˆÏî xyöï˛– °!∏˛ ˆòy°à!ï˛ R ~Ó˚ ˜òâ≈ƒ

R = ()
1

222 2...cos60º AAAA ++ ˆÜ˛ööy x
1
 Ä x

2
 ~Ó˚ xhsˇÓï≈˛# ˆÜ˛yî 60º

= 3A

ç!ê˛° Ó˚y!¢Ó˚ ˛õk˛!ï˛ˆÏï˛ ≠ x
1
 + x

2
 = Óy (Z)

ˆÎáyˆÏöñ Z = 

()() 30º30º jtjt AeAe ωω −+ +

= Aejωt (ej.30º + e–j.30º)

= 2aejωt cos 30º

∴ x
1
 + x

2
 = 2A cos 30º cos ωt = 

3 2..cos
2

At ω

 = 

3cos At ω

ÎyÓ˚ !ÓhflÏyÓ˚ 

3A
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3. ˆüyê˛ §%ï˛yÓ˚ ˜òâ≈ƒ Î!ò 2L •Î˚ ~ÓÇ P1 ˛õ%!° Î!ò P2 xÌÓy P3 ˆÌˆÏÜ˛ z ò)Ó˚ˆÏc !öˆÏã˛ ÌyˆÏÜ˛ñ ï˛ˆÏÓ

2L = x + y + 2z–

Î!ò x Ä y ~Ó˚ !ÓhflÏyÓ˚ a •Î˚ ï˛ˆÏÓ í˛zû˛ˆÏÎ˚Ó˚ ˆ«˛ˆÏe ≤ÃyÌ!üÜ˛ ò¢y ¢)öƒ ôˆÏÓ˚ ˆ°áy ÎyÎ˚

x = 

2 cos.
5

at π

Ä y = 

2 cos.
6

at π

∴ x + y = 

22 cos.cos.
56

att ⎛⎞ + ⎝⎠
ππ

= 
1 2 2 1 2 22 cos .cos
2 5 6 2 5 6

a t t⎛ ⎞ ⎛ ⎞+ −⎝ ⎠ ⎝ ⎠
π π π π

= 

111 2cos.cos
3030

att ⎛⎞⎛⎞
⎝⎠⎝⎠ ππ

∴ z = 
2

xy L+ − = 
1 11cos .cos

30 30
L a t t⎛ ⎞ ⎛ ⎞− ⎝ ⎠ ⎝ ⎠π π

B !˛õ[˛!ê˛Ó˚ à!ï˛ P
1
 ˛õ%!°Ó˚ à!ï˛Ó˚ xö%Ó˚)˛õ ~ÓÇ z Ó˚y!¢!ê˛ ~•z à!ï˛ !öˆÏò≈¢ Ü˛Ó˚ˆÏåÈ– ~áyˆÏö L ~Ü˛!ê˛ ô &ÓÜ˛–

1 cos
30

at ⎛⎞
⎝⎠ π

 Ó˚y!¢!ê˛Ó˚ §ˆÏD 

2 cost a
T
π

 Ó˚y!¢Ó˚ ï%˛°öy Ü˛Ó˚ˆÏ° ˆÓyé˛y ÎyÎ˚ñ ~!ê˛ 60 ˆ§ˆÏÜ˛u˛ ˛õÎ≈yÎ˚Ü˛yˆÏ°Ó˚

§Ó˚° ˆòy°à!ï˛ˆÏï˛ ˛õ!Ó˚Óï≈˛ö¢#°– x˛õÓ˚˛õˆÏ«˛ñ 

11 cos
30

t ⎛⎞
⎝⎠ π

 Ó˚y!¢ 

60
11

 ˆ§ˆÏÜ˛u˛ ˛õÎ≈yÎ˚Ü˛yˆÏ°Ó˚ §Ó˚° ˆòy°à!ï˛

ˆÓyé˛yÎ˚– §%ï˛Ó˚yÇñ z Ó˚y!¢!ê˛ 

60
11

ˆ§ˆÏÜ˛u˛ ˛õÎ≈yÎ˚Ü˛yˆÏ°Ó˚ ˆòy°à!ï˛ˆÏï˛ Äë˛yöyüy Ü˛ˆÏÓ˚ ~ÓÇ ~•z ˆòy°à!ï˛Ó˚ !ÓhflÏyÓ˚

60 ˆ§ˆÏÜ˛u˛ ˛õÎ≈yÎ˚Ü˛yˆÏ°Ó˚ §Ó˚° ˆòy°à!ï˛ˆÏï˛ ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚–

4. ~áyˆÏö Ó›!ê˛Ó˚ à!ï˛ §ü#Ü˛Ó˚î ˆ°áy ÎyÎ˚ ≠

x = a cos (ωt + 60º)

y = a cos (ωt)

ωt Ó˚y!¢Ó˚ !Ó!û˛ß¨ üyˆÏöÓ˚ çöƒ ~áö xy˛õ!ö x Ä y ~Ó˚ üyö !öî≈Î˚ Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ö ≠
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wt = 0º 30º 60º 90º 120º 150º 180º 210º 240º 270º 300º 330º 360º

x =

1
2

a

0

1
2

a −3
2

a −

– a 3
2

a− 1
2

a− 0 1
2

a

3
2

a

a

3
2

a
1
2

a

y = a

3
2

a
1
2

a

0

1
2

a −

3
2

− – a 3
2

a− 1
2

a− 0 1
2

a

3
2

a

a

!ã˛ˆÏe ωt Ó˚y!¢Ó˚ !Ó!û˛ß¨ üyˆÏöÓ˚ çöƒ Ó›!ê˛Ó˚

xÓfliyö Ä à!ï˛˛õÌ ˆòáyˆÏöy •°– !ã˛e!ê˛ ˆÌˆÏÜ˛

xy˛õ!ö §•ˆÏç•z Ó%é˛ˆÏï˛ ˛õyÓ˚ˆÏÓö ˆÎñ ~ˆÏ«˛ˆÏe Ó›!ê˛

ÓyüyÓˆÏï≈˛ xÌ≈yÍ â!í˛¸Ó˚ Ü˛Ñyê˛yÓ˚ !Ó˛õÓ˚#ˆÏï˛ ã˛°ˆÏï˛

ÌyˆÏÜ˛–

5. öyñ Ü˛yÓ˚î ~áyˆÏö ü•yÜ˛£Ï≈ Ó° §Ó !Ó®%ˆÏï˛ §)Î≈ x!û˛ü%á# •ˆÏ°Ä ˙ ÓˆÏ°Ó˚ üyö ò)Ó˚ˆÏcÓ˚ ÓˆÏà≈Ó˚

ÓƒhflÏyö%˛õyï˛#ñ ò)Ó˚ˆÏcÓ˚ §üyö%˛õyï˛# öÎ˚–

6. öyñ Ó° ò%!ê˛ Î!ò 

2
1x ω−

 Ä 2
2− yω  •Î˚ ï˛ˆÏÓ ï˛yˆÏòÓ˚ °!∏˛Ó˚ üyö 4 2 4 2

1 2x yω ω+ ñ Îy 2 2x y+

~Ó˚ §üyö%˛õyï˛# öÎ˚– ï˛yåÈyí˛¸y ~•z °!∏˛ x xˆÏ«˛Ó˚ §ˆÏD 

2
12

2
1

tan
y
x

ω
ω

−

 ˆÜ˛yî Ó˚ã˛öy Ü˛Ó˚ˆÏÓñ ˆÎáyˆÏö °!∏˛ §yôyÓ˚î

üôƒ!Ó®% x!û˛ü%ˆÏá Ü˛yç Ü˛Ó˚ˆÏ° ~•z ˆÜ˛yî 
1tan y

x
−

 •ï˛–
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~Ü˛Ü˛ ~Ü˛Ü˛ ~Ü˛Ü˛ ~Ü˛Ü˛ ~Ü˛Ü˛ 3 xÓü!®ï˛ ˆòy°à!ï˛ xÓü!®ï˛ ˆòy°à!ï˛ xÓü!®ï˛ ˆòy°à!ï˛ xÓü!®ï˛ ˆòy°à!ï˛ xÓü!®ï˛ ˆòy°à!ï˛ (Damped Oscillations)

àë˛öàë˛öàë˛öàë˛öàë˛ö

3.1 ≤ÃhflÏyÓöy

í ẑ̨ Ïj¢ƒ

3.2 xÓü!®ï˛ ˆòy°ˆÏöÓ˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛y

3.3 xÓü!®ï˛ ˆòy°ˆÏöÓ˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyö

3.3.1 x!ï˛ xÓü®ö Ä ï˛yÓ˚ ˜Ó!¢‹Tƒ

3.3.2 e´yhsˇ#Î˚ xÓü®ö

3.3.3 °â% xÓü®ö

3.4 °â% xÓü!®ï˛ ˆòy°ˆÏÜ˛Ó˚ ˆüyê˛¢!_´

3.5 xÓü!®ï˛ ˆòy°ˆÏöÓ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ˜Ó!¢‹Tƒ

3.5.1 °à#Î˚ •…y§

3.5.2 Ÿ’Ìö Ü˛y°

3.5.3 !Ü˛í˛z (Q)ÈÙÈ=îyB˛

3.6 xÓü!®ï˛ ˆòy°ˆÏöÓ˚ í˛zòy•Ó˚î

3.7 §yÓ˚yÇ¢

3.8 §Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#

3.9 í˛z_Ó˚üy°y

3.1 ≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy

~•z ˛õÎ≈yˆÏÎ˚Ó˚ ≤ÃÌü ~Ü˛ˆÏÜ˛ xy˛õöyÓ˚y §Ó˚° ˆòy°à!ï˛Ó˚ ˛õ!Ó˚ã˛Î˚ ˆ˛õˆÏÎ˚ˆÏåÈö– !öÿ˛Î˚•z °«˛ƒ Ü˛ˆÏÓ˚ˆÏåÈö ˆÎñ

~Ü˛!ê˛ §%§üO§ ˆòy°ˆÏÜ˛Ó˚ ˆüyê˛ ¢!_´ §òy§Ó≈òy x˛õ!Ó˚Ó!ï≈˛ï˛ ÌyˆÏÜ˛ ~ÓÇ §üÎ˚ÈÙÈ§Ó˚î ˆ°á!ã˛e!ê˛ §y•zˆÏöÓ˚ SÓy

ˆÜ˛y§y•zˆÏöÓ˚V ˆ°á!ã˛ˆÏeÓ˚ xö%Ó˚*˛õ •Î˚– ï˛y•ˆÏ° !Ü˛ xyüÓ˚y ôˆÏÓ˚ ˆöÓ ˆÎñ §Ó˚° ˆòy°à!ï˛Ó˚ ~•z ˜Ó!¢‹Tƒ

!ã˛Ó˚Ü˛y° x˛õ!Ó˚Ó!ï≈˛ï˛ ÌyÜ˛ˆÏÓ⁄ ï˛yÓ˚ ¢!_´Ó˚ ˆÜ˛yöÄ «˛Î˚ •ˆÏÓ öy ~ÓÇ ï˛y ~Ü˛ÓyÓ˚ ˆòy°à!ï˛ ÷Ó˚& Ü˛Ó˚ˆÏ°

xyÓ•üyö Ü˛y° ôˆÏÓ˚ ã˛°ˆÏï˛•z ÌyÜ˛ˆÏÓ⁄ xyüyˆÏòÓ˚ x!û˛K˛ï˛y !Ü˛v xöƒÓ˚Ü˛ü ÓˆÏ°ñ ï˛y•z öy⁄

xy§ˆÏ° ˆÎ §Ó˚° ˆòy°à!ï˛Ó˚ §ˆÏD xyüyˆÏòÓ˚ ≤ÃÌü ˛õ!Ó˚!ã˛!ï˛ âˆÏê˛!åÈ°ñ ˆ§áyˆÏö §ÓÓ˚Ü˛ˆÏüÓ˚ x˛õã˛Î˚# Ó°

xö%˛õ!fliï˛ ÓˆÏ° ôÓ˚y •ˆÏÎ˚!åÈ°– ~•z Ó˚Ü˛ˆÏüÓ˚ ˆòy°à!ï˛ˆÏÜ˛ Ó°y •Î˚ ü%_´ (free) xÌÓy xöÓü!®ï˛

(undamped)– §!ï˛ƒ•z ˆï˛yñ ˆÜ˛yöÄÓ˚Ü˛ü x˛õã˛Î˚# Óy ÓyôyòyöÜ˛yÓ˚# Ó° Î!ò í˛z˛õ!fliï˛ öy ÌyˆÏÜ˛ñ ï˛ˆÏÓ §Ó˚°

ˆò°à!ï˛ˆÏï˛ xyˆÏ®y!°ï˛ Ü˛îyÓ˚ ¢!_´ x˛õ!Ó˚Ó!ï≈˛ï˛ ÌyÜ˛ˆÏÓ ~ÓÇ !ã˛Ó˚Ü˛y° ï˛yÓ˚ ~Ü˛•z à!ï˛ °«˛ƒ Ü˛Ó˚y ÎyˆÏÓ–

!Ü˛v ÓyhflÏÓ ˆ«˛ˆÏe xyüÓ˚y ˆò!á ˆÎñ §Ó˚° ˆòy°ˆÏÜ˛Ó˚ !ÓhflÏyÓ˚ §üˆÏÎ˚Ó˚ §ˆÏD e´ü¢ Ü˛üˆÏï˛ ÌyˆÏÜ˛ ~ÓÇ ï˛y ô#ˆÏÓ˚

ô#ˆÏÓ˚ ˆÌˆÏü ÎyÎ˚– !fl±ÇÈÙÈû˛Ó˚ ÓƒÓfliy áy!öÜ˛«˛î Ü˛!¡õï˛ •ÄÎ˚yÓ˚ ˛õÓ˚ !fliÓ˚ •ˆÏÎ˚ ÎyÎ˚ñ ÓƒyÓï≈˛ ˆòy°Ü˛Ä (torsional
pendulum) ~Ü˛•zÓ˚Ü˛ü xyã˛Ó˚î Ü˛ˆÏÓ˚– §Ó ˆ«˛ˆÏe•z ˆòáy ÎyˆÏÓ ˆÎñ xyüÓ˚y !ÓˆÏ¢£Ï ˆÜ˛yöÄ Ó°≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚



61

˙ §ühflÏ Ü˛¡õöˆÏÜ˛ Ü˛üyˆÏöyÓ˚ Óy Ó¶˛ Ü˛Ó˚yÓ˚ ˆã˛‹Ty Ü˛!Ó˚!öñ ï˛Ó% ≤ÃÌˆÏü !ÓhflÏyÓ˚ Ü˛üyˆÏöyÓ˚ §ˆÏD §ˆÏD ï˛yˆÏòÓ˚

¢!_´Ó˚ •…y§ •ˆÏÎ˚ˆÏåÈ (1.9 §ü#Ü˛Ó˚î!ê˛ ~Ü˛ÓyÓ˚ ˆòˆÏá !ööV ~ÓÇ ˆ¢£Ï ˛õÎ≈hsˇ ˆ§•z ¢!_´ §¡õ)î≈ !öÉˆÏ¢!£Ïï˛ •ˆÏÎ˚

ˆàˆÏåÈ– ÓyhflÏÓ çàˆÏï˛ ~üöê˛y•z •ˆÏÎ˚ ÌyˆÏÜ˛–

xy§ˆÏ° ÓyhflÏÓ çàˆÏï˛ xyüÓ˚y ≤ÃÜ,˛ï˛ ü%_´ Ü˛¡õö ˛õy•z öy– ò%!ê˛ Ü˛!ë˛ö ï˛ˆÏ°Ó˚ üˆÏôƒ â£Ï≈îñ ≤ÃÓy•#Ó˚ SˆÎüö

Óyï˛y§V üˆÏôƒ !òˆÏÎ˚ §Çâ!ê˛ï˛ ˆÜ˛yöÄ ˆÜ˛yöÄ ˆòy°à!ï˛Ó˚ ˆ«˛ˆÏe §ywï˛y ç!öï˛ Óyôy Óy Ü˛¡õö¢#° Ó›Ó˚

!öçfl∫ í˛z˛õyòyˆÏöÓ˚ ôü≈ §Ó•z ˆòy°à!ï˛ˆÏï˛ xÓü®ö âê˛yÎ˚– ï˛y•z ÓyhflÏÓ çàˆÏï˛Ó˚ ˆòy°à!ï˛ xÓü®ö ç!öï˛

x˛õã˛Î˚# ÓˆÏ°Ó˚ !ÓÓ˚&ˆÏk˛ à!ï˛ ÓçyÎ˚ Ó˚yáˆÏï˛ !àˆÏÎ˚ e´üyàï˛ !öçfl∫ ¢!_´ •yÓ˚yÎ˚ ~ÓÇ ˆ¢£Ï ˛õÎ≈hsˇ §¡õ)î≈ hflÏ∏˛

•ˆÏÎ˚ ÎyÎ˚– Î!ò ~•z xÓü®ˆÏöÓ˚ üyey xï˛ƒ!ôÜ˛ •ˆÏÎ˚ ˛õˆÏí˛¸ñ ï˛y•ˆÏ° ˆòy°à!ï˛ ~ˆÏÜ˛ÓyˆÏÓ˚ ÷Ó˚&•z Ü˛Ó˚y ÎyÎ˚ öy

~ÓÇ §yüƒyÓfliy ˆÌˆÏÜ˛ !Óã%˛ƒï˛ Ü˛¡õö«˛ü Ó›!ê˛ ˆÜ˛yöÄ ˆòy°à!ï˛ ≤Ãò¢≈ö öy Ü˛ˆÏÓ˚•z §yüƒyÓfliyÎ˚ xyÓyÓ˚ ˆú˛Ó˚ï˛

ã˛ˆÏ° xyˆÏ§– Îáö xÓü®ˆÏöÓ˚ üyey ÎˆÏÌ‹T Ü˛üñ ï˛áö•z ˆÜ˛Ó° ˆòy°à!ï˛ ˛õyÄÎ˚y ÎyÎ˚– xyÓ˚ ~•z ˆòy°à!ï˛Ó˚

!ÓhflÏyÓ˚ ï˛Ìy ¢!_´ §üˆÏÎ˚Ó˚ §ˆÏD Ü˛üˆÏï˛ ÌyˆÏÜ˛– ~•z ~Ü˛ˆÏÜ˛ S~Ü˛Ü˛ 3V xyüÓ˚y xÓü!®ï˛ ˆòy°à!ï˛ !öˆÏÎ˚

xyˆÏ°yã˛öy Ü˛Ó˚Ó– !ÓˆÏ¢£Ï ˆçyÓ˚ ˆòÄÎ˚y •ˆÏÓ ˆ§•z ˆ«˛e!ê˛ˆÏï˛ ˆÎáyˆÏö xÓü®ö ï%˛°öyÎ˚ ò%Ó≈° ~ÓÇ ˆòy°à!ï˛

˛õyÄÎ˚y §Ω˛Ó– ~•z xÓü®öˆÏÜ˛ §ã˛Ó˚yã˛Ó˚ °â% xÓü®ö !•ˆÏ§ˆÏÓ !ã˛!•´ï˛ Ü˛Ó˚y •Î˚–

xyüÓ˚y ~áyˆÏö °â% xÓü®ˆÏöÓ˚ ˜Ó!¢‹Tƒ§ü)• xyˆÏ°yã˛öy Ü˛Ó˚yÓ˚ §ˆÏD §ˆÏD ÓyhflÏÓ ˆòy°à!ï˛Ó˚ §ˆÏD ˛õ!Ó˚!ã˛ï˛

•Ó– ï˛ˆÏÓ xÓü®ˆÏöÓ˚ í˛z˛õ!fli!ï˛ §ˆÏ_¥Ä ˆòy°à!ï˛ ÓçyÎ˚ Ó˚yáˆÏï˛ ˆàˆÏ° Ü˛¡õö¢#° ÓƒÓfliy!ê˛ˆÏï˛ Óy•zˆÏÓ˚ ˆÌˆÏÜ˛

¢!_´Ó˚ ˆÎyàyö ˆòÄÎ˚y ≤ÃˆÏÎ˚yçö– ~çöƒ ˆÜ˛yöÄ ˛õÎ≈yÓ,_ Ó° ≤ÃˆÏÎ˚yˆÏàÓ˚ òÓ˚Ü˛yÓ˚ •ˆÏÎ˚ ˛õˆÏí˛¸– ú˛ˆÏ° ˆÎ ôÓ˚ˆÏöÓ˚

Ü˛¡õˆÏöÓ˚ §,!‹T •Î˚ñ ï˛yˆÏÜ˛ Ó°y •Î˚ ≤ÃˆÏîy!òï˛ Ü˛¡õö Óy ˆòy°à!ï˛ (forced vibration)– ˛õÓ˚Óï≈˛# ~Ü˛ˆÏÜ˛

S~Ü˛Ü˛ 4V !Ó£ÏÎ˚!ê˛Ó˚ !ÓhflÏy!Ó˚ï˛ xyˆÏ°yã˛öy •ˆÏÓ–

í˛ zˆ Ïj¢ƒí˛zˆ Ïj¢ƒí˛zˆ Ïj¢ƒí˛zˆ Ïj¢ƒí˛zˆ Ïj¢ƒ

~•z ~Ü˛Ü˛ ˛õyˆÏë˛Ó˚ üôƒ !òˆÏÎ˚ !ö¡¨!°!áï˛ !Ó£ÏÎ˚=!° xy˛õöyÓ˚ xyÎ˚_ •ˆÏÓÈÙÙÙÈ

xÓü!®ï˛ ˆòy°à!ï˛Ó˚ Óy xÓü!®ï˛ §üO§ à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚î àë˛ö Ä ï˛yÓ˚ §üyôyö–

ˆòy°à!ï˛Ó˚ !ÓhflÏyÓ˚ñ ¢!_´ ~ÓÇ ˆòy°öÜ˛y° Ü˛#û˛yˆÏÓ xÓü®ˆÏöÓ˚ ú˛ˆÏ° ≤Ãû˛y!Óï˛ ~ÓÇ ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚ñ

ï˛yÓ˚ Óƒyáƒy–

xÓü®ˆÏöÓ˚ üyey xö%ÎyÎ˚# ï˛yˆÏòÓ˚ °â% SÓy ò%Ó≈°Vñ e´yhsˇ#Î˚ (critical) ~ÓÇ x!ï˛ (heavy) ~•z !ï˛ö!ê˛

ˆ◊î#ˆÏï˛ !Óû˛_´ Ü˛ˆÏÓ˚ ï˛yˆÏòÓ˚ ˜Ó!¢‹Tƒ§ü)ˆÏ•Ó˚ !ÓˆÏŸ’£Ïî–

°â% xÓü®öÎ%_´ ˆòy°ö¢#° ÓƒÓfliyÓ˚ ˆ«˛ˆÏe ï˛yÓ˚ ˜Ó!¢‹Tƒ§ü)• !ÓˆÏŸ’£ÏˆÏîÓ˚ çöƒ °à#Î˚ •…y§ñ Ÿ’Ìö Ü˛y°

(relaxation time) ~ÓÇ !Ü˛í˛zÈÙÈ=îyB˛ (Q-factor) !öî≈Î˚–

˛õòyÌ≈!ÓòƒyÓ˚ !Ó!û˛ß¨ ¢yáyÎ˚ xÓü!®ï˛ ˆòy°à!ï˛Ó˚ û)˛!üÜ˛yÓ˚ ˛õÎ≈yˆÏ°yã˛öy Ä àîöy–

3.2 xÓü!®ï˛ ˆòy°ˆÏöÓ˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛yxÓü!®ï˛ ˆòy°ˆÏöÓ˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛yxÓü!®ï˛ ˆòy°ˆÏöÓ˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛yxÓü!®ï˛ ˆòy°ˆÏöÓ˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛yxÓü!®ï˛ ˆòy°ˆÏöÓ˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛y

xÓü!®ï˛ ˆòy°ˆÏöÓ˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã§D í˛zay!˛õï˛ •ˆÏ° fl∫û˛yÓï˛•z üˆÏö •Î˚ ˆÎñ §Ó˚° ˆòy°à!ï˛Ó˚

ˆÎ §ü#Ü˛Ó˚î xyüÓ˚y ~Ü˛Ü˛1ÈÙÈ~ ˆ˛õˆÏÎ˚!åÈ S§ü#Ü˛Ó˚î 1.1Vñ ï˛yÓ˚ üˆÏôƒ !Ü˛å%È ˛õ!Ó˚Óï≈˛ö â!ê˛ˆÏÎ˚ xÓü!®ï˛

ˆòy°à!ï˛Ó˚ §ü#Ü˛Ó˚î ˛õyÄÎ˚y §Ω˛Ó– xy˛õöyÓ˚ ~•z xö%üyö §!ë˛Ü˛ñ ï˛ˆÏÓ ˆ§•z xyˆÏ°yã˛öyÎ˚ ÎyÄÎ˚yÓ˚ xyˆÏà í˛zˆÏÕ‘á
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Ü˛Ó˚y ≤ÃˆÏÎ˚yçö ˆÎñ ~áö ˆÌˆÏÜ˛ §ÓÓ˚Ü˛ü xÓü®ö ü%_´ ˆÎ ~Ü˛ xyò¢≈ ˆòy°à!ï˛Ó˚ !Ó£ÏÎ˚ ≤ÃÌü ~Ü˛ˆÏÜ˛

xyˆÏ°y!ã˛ï˛ •ˆÏÎ˚ˆÏåÈñ ï˛yˆÏÜ˛ xyüÓ˚y ü%_´ ˆòy°à!ï˛ ÓˆÏ° í˛zˆÏÕ‘á Ü˛Ó˚Ó–

xyˆÏà Ó°y •ˆÏÎ˚ˆÏåÈ ˆÎñ xÓü®ˆÏöÓ˚ xÌ≈ •ˆÏFåÈ Ü˛¡õö¢#° Óy Ü˛¡õö«˛ü ÓƒÓfliyâ!ê˛ï˛ x˛õã˛Î˚# ÓˆÏ°Ó˚

í˛z˛õ!fli!ï˛– ~•z x˛õã˛Î˚# Ó° §Ó≈òy•z à!ï˛Ó˚ !ÓÓ˚&ˆÏk˛ Ü˛yç Ü˛Ó˚ˆÏÓñ ˆÎ

û)˛!üÜ˛y xyüyˆÏòÓ˚ x!ï˛ ˛õ!Ó˚!ã˛ï˛ â£Ï≈î Ó°  ˛õy°ö Ü˛ˆÏÓ˚ ÌyˆÏÜ˛– ï˛y•z

xÓü®öç!öï˛ Ó°ñ à!ï˛Ó˚ x!û˛ü%ˆÏáÓ˚ Ä˛õÓ˚ !öû≈˛Ó˚ Ü˛ˆÏÓ˚ ï˛yÓ˚

x!û˛ü%á ˛õ!Ó˚Óï≈˛ö Ü˛ˆÏÓ˚ ÌyˆÏÜ˛– ~áö ≤ÃŸ¿ •ˆÏFåÈ ˆÎñ ~•z x˛õã˛Î˚#

Ó°!ê˛ˆÏÜ˛ Ü˛#û˛yˆÏÓ ˛õyÄÎy ÎyˆÏÓ⁄ ~Ó˚ í˛z_ˆÏÓ˚Ó˚ çöƒ xyüÓ˚y !ã˛e 3.1

~Ó˚ !òˆÏÜ˛ ò,!‹T ˆòÓ–

3.1 !ã˛ˆÏe ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ ~Ü˛!ê˛ !fl±ÇÈÙÈû˛Ó˚ ÓƒÓfliy ~üöû˛yˆÏÓ Ü˛!¡õï˛ •ˆÏFåÈ ˆÎñ !fl±ÇÈÙÈ~Ó˚ §ˆÏD Î%_´

û˛Ó˚!ê˛ ~Ü˛!ê˛ ˆã˛yˆÏäÓ˚ üˆÏôƒ !òˆÏÎ˚ ã˛°yˆÏú˛Ó˚y Ü˛Ó˚ˆÏåÈ ~ÓÇ ˆã˛yˆÏäÓ˚ üˆÏôƒ â£Ï≈î xÌ≈yÍ xÓü®ö ç!öï˛ Óyôy ÓˆÏ°Ó˚

§¡ø%á#ö •ˆÏFåÈ– xyüÓ˚y ôˆÏÓ˚ !ö•z ˆÎñ û˛Ó˚!ê˛ ˆÎ ÓyôyÈÙÈÓˆÏ°Ó˚ §¡ø%á#ö •ˆÏFåÈ ï˛yÓ˚ ˛õ!Ó˚üyî F
d
 ~ÓÇ Ó°!ê˛Ó˚

üyö ˆÜ˛yöÄ !ÓˆÏ¢£Ï ü%•)ˆÏï≈˛ û˛Ó˚!ê˛Ó˚ à!ï˛ˆÏÓˆÏàÓ˚ §üyö%˛õy!ï˛Ü˛– ~áö xy˛õ!ö !°áˆÏï˛ ˛õyˆÏÓ˚ö ≠

F
d
 = dx

dt
γ− Ó Ï̂ú ...... 3.1

ˆÎáyˆÏö γ ~Ü˛!ê˛ ôöydÜ˛ ô &ÓÜ˛ Ó˚y!¢– γ Ó˚y!¢!ê˛ˆÏÜ˛ Ó°y •Î˚ xÓü®ö =îyB˛ (damping coefficient)–

~!ê˛ ~Ü˛Ü˛ à!ï˛ˆÏÓˆÏàÓ˚ çöƒ xÓü®ö Ó° ~ÓÇ ~Ó˚ ~Ü˛Ü˛ ~•zû˛yˆÏÓ ˛õyÄÎ˚y ÎyÎ˚–

γ ~Ó˚ ~Ü˛Ü˛ = 
ÓˆúÏ Ó ̊~Ñ˛Ñ˛

Ü!ì˛ˆÓÏ ˆÜÏ Ó ̊~Ñ˛Ñ˛
 = 

1
N

ms−

 = kg s–1

á%Ó fl∫yû˛y!ÓÜ˛û˛yˆÏÓ•z ≤ÃŸ¿ í˛zë˛ˆÏÓ ˆÎñ xÓü®öç!öï˛ Ó°ˆÏÜ˛ à!ï˛ˆÏÓˆÏàÓ˚ §üyö%˛õy!ï˛Ü˛ ôˆÏÓ˚ ˆöÄÎ˚y Ü˛ï˛áy!ö

§Dï˛⁄ Ü˛¡õö¢#° Ó›Ó˚ à!ï˛ˆÏÓà Î!ò á%Ó ˆÓ!¢ öy •Î˚ñ ï˛y•ˆÏ° ~•z §üyö%˛õy!ï˛c ôˆÏÓ˚ ˆöÄÎ˚y ÎyÎ˚ ~ÓÇ

!Ó!û˛ß¨ ˛õÓ˚#«˛yÓ˚ üyôƒˆÏü ï˛y ˆòáyˆÏöy §Ω˛Ó •ˆÏÎ˚ˆÏåÈ– xyÓ˚ §ywï˛yç!öï˛ Óyôy ˆÎ à!ï˛ˆÏÓˆÏàÓ˚ §üyö%˛õy!ï˛Ü˛

•ˆÏÎ˚ ÌyˆÏÜ˛ñ ï˛y ~Ü˛ê%˛ xyˆÏ°yã˛öy Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚–

§ywï˛yç!öï˛ ÓyôyÓ˚ çöƒ ˆÜ˛yˆÏöy §ywï˛y!Ó!¢‹T ≤ÃÓy•#Ó˚ üˆÏôƒ !òˆÏÎ˚ ˛õï˛ö¢#° Óy ã˛°üyö ˆày°Ü˛yÜ,˛!ï˛

Ó› ~Ü˛!ê˛ Óyôy ÓˆÏ°Ó˚ §¡ø%á#ö •Î˚– ~•z !Ó£ÏˆÏÎ˚ !ÓK˛yö# ˆfiê˛yÜ˛§ ~Ü˛!ê˛ §)e ˆòö (Stokes’ law)– ~•z

§)eyö%ÎyÎ˚#

F
d
 = 6πηrv

~áy Ï̂ö η üyôˆÏüÓ˚ §ywï˛yB˛ñ r ã˛°üyö Ó›!ê˛Ó˚ Óƒy§yô≈ ~ÓÇ v Ó›Ó˚ à!ï˛ˆÏÓà– ~•z §)eyö%ÎyÎ˚# §yw üyôƒˆÏü

ã˛°üyö Ó›Ó˚ à!ï˛Ó˚ !ÓÓ˚&ˆÏk˛ !e´Î˚y¢#° Óyôy Ó° Ó›Ó˚ à!ï˛ˆÏÓˆÏàÓ˚ §üyö%˛õy!ï˛Ü˛–

ï˛y xyüÓ˚y çy!ö– xï˛~Óñ xÓü®öç!öï˛ Ó° Ü˛¡õö¢#° Ó›Ó˚ à!ï˛ˆÏÓˆÏàÓ˚ §üyö%˛õy!ï˛Ü˛ñ ~•z!ê˛ ôˆÏÓ˚

!öˆÏÎ˚•z xyüÓ˚y x@ˇÃ§Ó˚ •Ó–
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!ã˛e 3.1 ÈÙÈ~ ˆòáyˆÏöy !fl±ÇÈÙÈû˛Ó˚ ÓƒÓfliy!ê˛ ˆÎ §Ó˚°ˆÏÓ˚áy ÓÓ˚yÓÓ˚ ã˛°yˆÏú˛Ó˚y Ü˛Ó˚ˆÏåÈñ ï˛yˆÏÜ˛ x x«˛ ~ÓÇ

ÓƒÓfliy!ê˛Ó˚ §yüƒyÓfliyÎ˚ û˛Ó˚!ê˛Ó˚ û˛Ó˚ˆÏÜ˛wˆÏÜ˛ ü)°!Ó®% Óy x = 0 !Ó®% ôˆÏÓ˚ ˆöÄÎ˚y •°– ~áö û˛Ó˚!ê˛ˆÏÜ˛ í˛yö!òˆÏÜ˛

xö%û)˛!üÜ˛ ˆÓ˚áy ÓÓ˚yÓÓ˚ !Óã%˛ƒï˛ Ü˛ˆÏÓ˚ ˆåÈˆÏí˛¸ !òˆÏ° ˆ§!ê˛ Ü˛!¡õï˛ •ˆÏï˛ ÷Ó˚& Ü˛Ó˚ˆÏÓ– ˆÜ˛yöÄ ü%•)ˆÏï≈˛ ü)°!Ó®%

(x = 0) Óy §yüƒyÓfliy ˆÌˆÏÜ˛ x ò)Ó˚ˆÏc xÓfliyöÜ˛yˆÏ° û˛Ó˚!ê˛Ó˚ Ä˛õÓ˚ ˆÎ Ó°=!° !e´Î˚y¢#° •ˆÏÓñ ï˛y •°ñ

(i) ≤Ãï˛ƒyöÎ˚Ü˛ Ó° (restoring force)ÈÙÙÙÈkx, ˆÎáyˆÏö k •ˆÏFåÈ !fl±ÇÈÙÈô &ÓÜ˛ (spring constant)

(ii) xÓü®öç!öï˛ Ó°ÈÙÙÙÈγv Óy 

dx
dt

γ−

ñ ˆÎáyˆÏö γ •ˆÏFåÈ xÓü®ö =îyB˛ (damping coefficient)–

~áyˆÏö v = dx
dt

 xÌ≈yÍñ !ÓˆÏ¢£Ï ü%•)ˆÏï≈˛ à!ï˛ˆÏÓà–

~áö !öí˛zê˛ˆÏöÓ˚ !mï˛#Î˚ à!ï˛§)ˆÏeÓ˚ §y•yˆÏÎƒ ˆ°áy ÎyÎ˚ ˆÎñ

Óyñ

2

2
dx m
dt

 = 

dx kx
dt

γ −−

...3.2

≤Ã!ï˛!ê˛ Ó˚y!¢ˆÏÜ˛ m myÓ˚y û˛yà Ü˛ˆÏÓ˚ ˛õy•zñ

2

2
d x dx k x

m dt mdt
γ+ +  = 0

Óyñ

2
2

02 2d x dxb x
dtdt

ω+ +  = 0 ...3.3

~áy Ï̂ö 
2

0ω  = 

k
m

 ~ÓÇ 2b = 

0 .
m
γω

 ~•z ˆòy°à!ï˛Ó˚ ˆÜ˛Ô!îÜ˛ Ü˛¡õyB˛ §)!ã˛ï˛ Ü˛Ó˚ˆÏåÈ– 

m
γ

 ˆÜ˛ b öy

!°ˆÏá 2b ˆ°áy •ˆÏÎ˚ˆÏåÈ Ü˛yÓ˚î ~Ó˚ ú˛ˆÏ° ˛õÓ˚Óï≈˛# ˛õÎ≈yˆÏÎ˚ 3.3 §ü#Ü˛Ó˚î!ê˛Ó˚ §üyôyˆÏöÓ˚ Ó˚*˛õ!ê˛ §Ó˚°ï˛Ó˚ •ˆÏÓ–

°«˛ƒ Ü˛Ó˚yÓ˚ !Ó£ÏÎ˚ ˆÎ ~•zñ 3.3 §ü#Ü˛Ó˚î!ê˛ ü%_´ ˆòy°à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ !û˛ß¨– xÓü®ö ç!öï˛

ÓˆÏ°Ó˚ çöƒ §ü#Ü˛Ó˚ˆÏî 

2dx b
dt

 ˛õò!ê˛Ó˚ í˛z˛õ!fli!ï˛Ó˚ ú˛ˆÏ° ~•z xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ˆÎ §üyôyö ˛õyÄÎy ÎyˆÏÓñ

ï˛y fl∫û˛yÓï˛•z ü%_´ ˆòy°à!ï˛Ó˚ ˆ«˛ˆÏe ≤ÃyÆ §üyôyö ˆÌˆÏÜ˛ !û˛ß¨ •ˆÏÓ– 3.3 §ü#Ü˛Ó˚î!ê˛ ~Ü˛!ê˛ !mï˛#Î˚ üyeyÓ˚

(second order) ˜Ó˚!áÜ˛ (linear) §ü§_¥ (homogeneous) xÓÜ˛° §ü#Ü˛Ó˚î ~ÓÇ §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛!ê˛

˛õˆÏòÓ˚ §•à (coefficient) ô &ÓÜ˛– ~•z §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyö xyüÓ˚y !öî≈Î˚ Ü˛Ó˚Ó– ï˛yÓ˚ xyˆÏà ~Ü˛!ê˛ !Ó£ÏˆÏÎ˚Ó˚

!òˆÏÜ˛ xy˛õöyÓ˚ ò,!‹T xyÜ˛£Ï≈î Ü˛Ó˚ˆÏï˛ ã˛y•z– ü%_´ ˆòy°à!ï˛Ó˚ ≤Ãï˛ƒyöÎ˚Ü˛ ÓˆÏ°Ó˚ ≤Ãû˛yˆÏÓ §Ó˚î 'x' §üˆÏÎ˚Ó˚ §ˆÏD

ˆÎ û˛yˆÏÓ ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÎ˚ˆÏåÈ 

() 0 cos xAt ⎡⎤ =+ ⎣⎦ ωφ

 ï˛y x˛õ!Ó˚Ó!ï≈˛ï˛ !ÓhflÏyˆÏÓ˚Ó˚ Ü˛¡õö §)!ã˛ï˛ Ü˛ˆÏÓ˚ˆÏåÈ–

xÓü®ö !öÿ˛Î˚•z ˆ§•z à!ï˛ˆÏÜ˛ ≤Ãû˛y!Óï˛ Ü˛Ó˚ˆÏÓ– Ü˛# âê˛ˆÏï˛ ˛õyˆÏÓ˚ xö%üyö Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ö⁄ xÓü®ö ˆÎˆÏ•ï%˛

ÓyhflÏÓ ˆ«˛ˆÏe ˆòy°à!ï˛Ó˚ !ÓhflÏyÓ˚ˆÏÜ˛ e´ü¢ •…y§ Ü˛ˆÏÓ˚ ˆòÎ˚ñ ï˛y•z ˆ§•z âê˛öyÓ˚ ≤Ã!ï˛ú˛°ö 3.3 §ü#Ü˛Ó˚ˆÏîÓ˚

§üyôyˆÏö ÌyÜ˛y ≤ÃˆÏÎ˚yçö– ï˛y•ˆÏ° !Ü˛ xyüÓ˚y xy¢y Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚ ˆÎñ 3.3 ~Ó˚ §üyôyö ~Ü˛!ê˛ e´ü•…y§üyö
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!ÓhflÏyˆÏÓ˚Ó˚ ˆòy°à!ï˛ §)!ã˛ï˛ Ü˛Ó˚ˆÏÓ⁄ •Ñƒyñ !öÿ˛Î˚•z ï˛y á%Ó §Dï˛ ≤Ãï˛ƒy¢y– !Ü˛v xÓü®ˆÏöÓ˚ üyey xï˛ƒ!ôÜ˛

•ˆÏÎ˚ ˆàˆÏ° Ü˛# •ˆÏÓ⁄ ˆòy°à!ï˛ !Ü˛ ˆ§ˆÏ«˛ˆÏe xyòˆÏ˛õ•z §Ω˛Ó •ˆÏÓ⁄ xyüyˆÏòÓ˚ ~•z ≤ÃŸ¿=!°Ó˚ í˛z_Ó˚ ˛õyÄÎ˚yÓ˚

çöƒ ˛õÓ˚Óï≈˛# xö%ˆÏFåÈˆÏò xyüÓ˚y §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyö !öî≈Î˚ Ü˛ˆÏÓ˚ ï˛yÓ˚ !Ó!û˛ß¨ ˜Ó!¢‹Tƒ=!° ˛õÎ≈yˆÏ°yã˛öy Ü˛Ó˚Ó–

≤Ã§Dï˛ Ó°y òÓ˚Ü˛yÓ˚ñ 3.3 §ü#Ü˛Ó˚î ~Ü˛!ê˛ xÓü!®ï˛ ˆòy°à!ï˛Ó˚ à!ï˛¢#° xÓfliy §)!ã˛ï˛ Ü˛Ó˚ˆÏåÈ xyÓ˚ ~Ó˚

§üyôyö•z •ˆÏÓ ˆòy°à!ï˛Ó˚ §üÎ˚ÈÙÈò)Ó˚c §ü#Ü˛Ó˚î–

3.3 xÓü!®ï˛ ˆòy°à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyöxÓü!®ï˛ ˆòy°à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyöxÓü!®ï˛ ˆòy°à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyöxÓü!®ï˛ ˆòy°à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyöxÓü!®ï˛ ˆòy°à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ §üyôyö

3.3 xÓÜ˛° §ü#Ü˛Ó˚î!ê˛Ó˚ §üyôyˆÏöÓ˚ çöƒ xyüÓ˚y §Ç!Ÿ’‹T à!ï˛Ó˚ ÓyhflÏÓ ã˛!Ó˚e üˆÏö ˆÓ˚ˆÏá ~üö ~Ü˛!ê˛

˛õÓ˚#«˛yü)°Ü˛ §üyôyö (trial solution) ôˆÏÓ˚ !öˆÏÎ˚ ~ˆÏàyˆÏÓy ÎyÓ˚ üˆÏôƒ §üˆÏÎ˚Ó˚ §)ã˛Ü˛ xˆÏ˛õ«˛Ü˛ (exponential

function) xyˆÏåÈ– Ü˛yÓ˚îñ xyüÓ˚y xy¢y Ü˛Ó˚!åÈ ˆÎñ ~Ó˚ §yôyÓ˚î §üyôyˆÏö ~Ü˛yôyˆÏÓ˚ §)ã˛Ü˛ Ä ˛õÎ≈yÓ,_ ã˛!Ó˚e

ÌyÜ˛ˆÏÓ– §)ã˛Ü˛ Ó˚y!¢!ê˛ §üˆÏÎ˚Ó˚ §ˆÏD !ÓhflÏyˆÏÓ˚Ó˚ •…y§ §)!ã˛ï˛ Ü˛Ó˚ˆÏÓ ~ÓÇ ˛õÎ≈yÓ,_ Ó˚y!¢ §)!ã˛ï˛ Ü˛Ó˚ˆÏÓ ÓƒÓfliy!ê˛Ó˚

Ü˛¡õö¢#° ã˛!Ó˚e– ~ˆÏ«˛ˆÏe xyüÓ˚y ˛õÓ˚#«˛yü)°Ü˛ §üyôyö !•ˆÏ§ˆÏÓ !ö¡¨!°!áï˛ §üÎ˚ÈÙÈò)Ó˚c §ü#Ü˛Ó˚î!ê˛ !öˆÏï˛

˛õy!Ó˚ ≠

x(t) = aeαt ...3.4

~áyˆÏö a ~ÓÇ α ò%!ê˛ xK˛yï˛ ô &ÓÜ˛ Ó˚y!¢–

°«˛ƒ Ü˛Ó˚yÓ˚ !Ó£ÏÎ˚ ˆÎñ (3.4) §ü#Ü˛Ó˚ˆÏîÓ˚ ÓÑy !òˆÏÜ˛Ó˚ Ó˚y!¢!ê˛ ˜òâ≈ƒ §)!ã˛ï˛ Ü˛Ó˚ˆÏåÈ– xï˛~Óñ ï˛yÓ˚ ~Ü˛Ü˛ ˜òˆÏâ≈ƒÓ˚

~Ü˛Ü˛– §%ï˛Ó˚yÇñ í˛yö !òÜ˛!ê˛Ó˚ §yü!@ˇÃÜ˛ ~Ü˛Ü˛ ˜òˆÏâ≈ƒÓ˚ ~Ü˛Ü˛ •ˆÏÓ– ~áö e Ó˚y!¢Ó˚ §)ã˛Ü˛ !•ˆÏ§ˆÏÓ ÓƒÓ•*ï˛

§Çáƒy!ê˛ xÓ¢ƒ•z ~Ü˛Ü˛ ¢)öƒ •ˆÏÓ– ï˛y•z ~ˆÏ«˛ˆÏe αtÈÙÈÓ˚ ˆÜ˛yöÄ ~Ü˛Ü˛ ÌyÜ˛ˆÏÓ öy– ˆÎˆÏ•ï%˛ tÈÙÈ~Ó˚ ~Ü˛Ü˛ §üˆÏÎ˚Ó˚

~Ü˛Ü˛ Óy ˆ§ˆÏÜ˛u˛ (s) ï˛y•z ‘α’ ~Ó˚ ~Ü˛Ü˛ •ˆÏÓ §üˆÏÎ˚Ó˚ !Ó˛õÓ˚#ï˛ (s-1)– xyÓ˚ ï˛y•z 3.4 §ü#Ü˛Ó˚ˆÏîÓ˚ í˛zû˛Î˚

˛õyˆÏ¢Ó˚ ~Ü˛ˆÏÜ˛Ó˚ §üï˛yÓ˚ çöƒ ‘a’ ~Ó˚ ~Ü˛Ü˛ •ˆÏÓ ˜òˆÏâ≈ƒÓ˚ ~Ü˛Ü˛ (m)–

3.4 §ü#Ü˛Ó˚îˆÏÜ˛ ˛õÓ˚˛õÓ˚ ò%ÓyÓ˚ xÓÜ˛°ö Ü˛ˆÏÓ˚ ˛õy•zñ

dx
dt

 = aαeαt

∴

2

2
dx
dt

 = aα2eαt

~•z §¡õÜ≈˛ ò%!ê˛ 3.3 öÇ §ü#Ü˛Ó˚ˆÏî ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ˛õy•zñ

() 22
0 2t baeα ααω ++

 = 0 ... 3.5

~•z §ü#Ü˛Ó˚î!ê˛ ‘t’ ~Ó˚ ˆÎ ˆÜ˛yö üyˆÏöÓ˚ çöƒ•z §!ë˛Ü˛– ï˛y•z eαt ≠ 0 S§Ü˛° ‘t’ ~Ó˚ çöƒV

~ÓÇ a ≠ 0 Ü˛yÓ˚î a = 0 •ˆÏ° 3.4 §ü#Ü˛Ó˚î xö%ÎyÎ˚# x(t)ÈÙÈÓ˚ üyö §Ó≈òy•z ¢)öƒ •ˆÏÓ– ï˛y•z 3.5 §ü#Ü˛Ó˚ˆÏî

Ó¶˛ö#û%˛_´ xÇ¢!ê˛•z ¢)öƒ xÌ≈yÍ

( )2 2
02bα α ω+ +  = 0 ... 3.6

~!ê˛ α Ó˚ ~Ü˛!ê˛ !mâyï˛ §ü#Ü˛Ó˚î– ~•z §ü#Ü˛Ó˚ˆÏîÓ˚ ò%!ê˛ Ó#ç (root) Î!ò α1 ~ÓÇ α
2
 •Î˚ñ ï˛y•ˆÏ° !mâyï˛

§ü#Ü˛Ó˚ˆÏîÓ˚ ï˛_¥ xö%ÎyÎ˚# ˆ°áy ÎyÎ˚ ˆÎñ
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α
1
 = 2 2

0b b ω− + − ...3. 7a

α2 = 2 2
0b b ω− − − ...3.7b

Ó›ï˛ ~•z ò%!ê˛ Ó#ç α1 ~ÓÇ α2ÈÙÈÓ˚ ≤ÃÜ,˛!ï˛ Ü˛¡õˆÏöÓ˚ ˜Ó!¢‹Tƒ !öô≈yÓ˚î Ü˛ˆÏÓ˚–

α ~Ó˚ ò%•z!ê˛ üyö α
1 
~ÓÇ Èα

2 
ÙÈÓ˚ çöƒ xyüÓ˚y §ü#Ü˛Ó˚ˆÏîÓ˚ ò%•z!ê˛ §üyôyö ˛õyÓ– ~•z ò%•z!ê˛ §üyôyöˆÏÜ˛ x

1
(t)

~ÓÇ x
2
(t) !•ˆÏ§ˆÏÓ !ã˛!•´ï˛ Ü˛ˆÏÓ˚ ˆ°áy ÎyÎ˚ ˆÎñ

x1(t) = ( )2 2
1 0expa b b t⎡ ⎤− − −⎢ ⎥⎣ ⎦

ω ... 3.8a

x
2
(t) = ( )2 2

2 0expa b b t⎡ ⎤− + −⎢ ⎥⎣ ⎦
ω ... 3.8b

ˆÎ xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ 3.3 §üyôyö !•ˆÏ§ˆÏÓ x
1
 ~ÓÇ x

2
 ˆÜ˛ ˛õyÄÎ˚y ˆàˆÏåÈ ˆ§•z §ü#Ü˛Ó˚î!ê˛ ˜Ó˚!áÜ˛–

xï˛~Ó í˛z˛õ!Ó˚˛õyˆÏï˛Ó˚ (superposition) ö#!ï˛ yÓ°¡∫ö Ü˛ˆÏÓ˚ x
1
 ~ÓÇ x

2
 ˆÜ˛ Î%_´ Ü˛ˆÏÓ˚ ~Ü˛!ê˛ §yôyÓ˚î §üyôyö

x(t) ˛õyÄÎ˚y ÎyÎ˚ ≠

x(t) = x
1
 (t) + x

2
(t)

=  ( ) ( )
1 1

2 2 2 22 2
1 0 2 0exp( ) exp expbt a b t a b t

⎡ ⎤⎧ ⎫ ⎧ ⎫
− − + − −⎨ ⎬ ⎨ ⎬⎢ ⎥

⎩ ⎭ ⎩ ⎭⎣ ⎦
ω ω ...3.9

~áyˆÏö a1 ~ÓÇ a2 ò%!ê˛ ˆfl∫FåÈ xã˛Ó˚ (arbitrary constant) ~ÓÇ ~ˆÏòÓ˚ üyö !öî≈Î˚ Ü˛Ó˚yÓ˚ çöƒ ˆòy°ˆÏöÓ˚

≤ÃyÌ!üÜ˛ ¢ï≈˛yÓ°# (initial condition) çyöy ≤ÃˆÏÎ˚yçö– xÌ≈yÍñ ˆÎ ˆÜ˛yö §üˆÏÎ˚ñ ôÓ˚y ÎyÜ˛ Îáö t = 0ñ

ï˛áö §Ó˚î Óy à!ï˛ˆÏÓˆÏàÓ˚ üyö Ü˛# !åÈ° ï˛y çyöy ÌyÜ˛ˆÏ° a
1
, a

2
 !öî≈Î˚ Ü˛Ó˚y §Ω˛Ó–

§ü#Ü˛Ó˚ˆÏî (b2 – ω0
2) xÇ¢!ê˛ !ÓˆÏ¢£Ï =Ó˚&c˛õ)î≈– ~•z xÇ¢!ê˛Ó˚ üyö b ~ÓÇ ω0ÈÙÈÓ˚ ï%˛°öyü)°Ü˛ üyˆÏöÓ˚

Ä˛õÓ˚ !öû≈˛Ó˚ Ü˛ˆÏÓ˚ ôöydÜ˛ñ }îydÜ˛ñ xÌÓy ¢)öƒ •ˆÏï˛ ˛õyˆÏÓ˚ ~ÓÇ ~Ó˚ üˆÏôƒ !òˆÏÎ˚ !ï˛ö!ê˛ !û˛ß¨ xÓfliyÓ˚ §,!‹T

•ˆÏÓ– ~•z !ï˛ö!ê˛ ˆ«˛ˆÏe ˛õòyÌ≈!ÓòƒyÓ˚ ò,!‹TˆÏÜ˛yî ˆÌˆÏÜ˛ xyüÓ˚y !ï˛ö!ê˛ !û˛ß¨ xÓfliy ˆòáˆÏï˛ ˛õy•z– ày!î!ï˛Ü˛

!ÓˆÏŸ’£ÏˆÏîÓ˚ xyˆÏà ~=!°Ó˚ §Ç!«˛Æ ˛õ!Ó˚ã˛Î˚ ˆöÄÎ˚y ÎyÜ˛–

SÜ˛V SÜ˛V SÜ˛V SÜ˛V SÜ˛V Îáö b2 > ω
0

2 ï˛áö α
1
 ~ÓÇ α

2
ÈÙÈÓ˚ üyö ÓyhflÏÓ ~ÓÇ Ü˛¡õö¢#° ÓƒÓfliy!ê˛ˆÏï˛ xÓü®ö á%Ó•z ˆÓ!¢–

Ó›ï˛ ~•z xÓü®ˆÏöÓ˚ üyey ~ï˛ê˛y•z ˆÎñ ~Ó˚ ú˛ˆÏ° Ü˛¡õö §Ω˛Ó •Î˚ öy– Ü˛¡õö«˛ü Ó›!ê˛ˆÏÜ˛ ï˛yÓ˚ §yüƒ

xÓfliyö ˆÌˆÏÜ˛ !Óã%˛ƒï˛ Ü˛Ó˚ˆÏ° ï˛y Ü˛!¡õï˛ öy •ˆÏÎ˚ ô#ˆÏÓ˚ ô#ˆÏÓ˚ §yüƒ xÓfliyˆÏö !ú˛ˆÏÓ˚ xyˆÏ§– ~•z xÓü®öˆÏÜ˛

xyüÓ˚y Úx!ï˛ xÓü®öÛ (heavy damping) ÓˆÏ° Ìy!Ü˛– 3.3.1 xö%ˆÏFåÈˆÏò xy˛õ!ö ~ !Ó£ÏˆÏÎ˚ xyÓ˚Ä çyöˆÏï˛

˛õyÓ˚ˆÏÓö–
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SáV     Î!ò b2 = ω0
2 •Î˚ ï˛y•ˆÏ° α1 ~ÓÇ α2ÈÙÈÓ˚ üyö §üyö xÌ≈yÍ α1 = α2 – ~•z ˆ«˛ˆÏe ˆÎ ôÓ˚ˆÏöÓ˚

xÓü®ö °«˛ƒ Ü˛Ó˚y ÎyÎ˚ ï˛yˆÏÜ˛ Ó°y •Î˚ Úe´yhsˇ#Î˚ xÓü®öÛ (critical damping)– ˆÜ˛yöÄ Ü˛¡õö¢#° ÓƒÓfliyÎ˚

e´yhsˇ#Î˚ xÓü®ö í˛z˛õ!fliï˛ ÌyÜ˛ˆÏ° ˆ§áyˆÏöÄñ Ü˛¡õö âê˛ˆÏï˛ ˛õyˆÏÓ˚ öy– ï˛y•ˆÏ° !Ü˛ x!ï˛ xÓü®ˆÏöÓ˚ §ˆÏD

~Ó˚ ˆÜ˛yö ˛õyÌ≈Ü˛ƒ ˆö•z⁄ öyñ ò%!ê˛ ˆ«˛e !Ü˛v ~Ü˛ öÎ˚– ~ˆÏ«˛ˆÏe Ü˛¡õö¢#° Ó›ˆÏÜ˛ §yüƒyÓfliyö ˆÌˆÏÜ˛ !Óã%˛ƒï˛

Ü˛Ó˚ˆÏ° ï˛y x!ï˛ xÓü®ˆÏöÓ˚ ï%˛°öyÎ˚ o&ï˛ §yüƒyÓfliyˆÏö !ú˛ˆÏÓ˚ xy§ˆÏÓñ !Ü˛v ï˛y x!ï˛e´ü Ü˛ˆÏÓ˚ !Ó˛õÓ˚#ï˛ !òˆÏÜ˛

ˆÜ˛yöÄ §Ó˚î âê˛ˆÏÓ öyñ xÌ≈yÍ §yüƒyÓfliyˆÏö ~ˆÏ§ ï˛y à!ï˛•#ö •ˆÏÎ˚ ˛õí˛¸ˆÏÓ– 3.3.2 xö%ˆÏFåÈˆÏò xyüÓ˚y e´yhsˇ#Î˚

xÓü®ö §¡õˆÏÜ≈˛ xyˆÏ°yã˛öy Ü˛Ó˚Ó–

SàV  Î!ò b2 < ω0
2 •Î˚ xÌ≈yÍ Îáö α1 ~ÓÇ α2ÈÙÈÓ˚ üyö ò%!ê˛ ç!ê˛° (complex) Óy Ü˛y“!öÜ˛ (imaginary)

•Î˚ñ ï˛y•ˆÏ° ˆÎ xÓfliy §)!ã˛ï˛ •Î˚ñ ˛õòyÌ≈!ÓòƒyÓ˚ ò,!‹TˆÏÜ˛yî ˆÌˆÏÜ˛ ï˛y §ÓˆÏã˛ˆÏÎ˚ ˆÓ!¢ =Ó˚&c˛õ)î≈– ~ˆÏ«˛ˆÏe

xÓü®ö ÌyÜ˛ˆÏ°Ä Ü˛¡õö §Ω˛Ó •Î˚– ~•z xÓü®öˆÏÜ˛ Ó°y •Î˚ °â% xÓü®ö (weak damping)– ÓyhflÏÓ

çàˆÏï˛ ˆÎ §Ó Ü˛¡õö xyüÓ˚y ˆòáˆÏï˛ ˛õy•zñ ï˛yÓ˚ §Ó=!°ˆÏï˛•z °â% xÓü®ö Óï≈˛üyö– ï˛ˆÏÓ °â% xÓü®ˆÏöÓ˚

ú˛ˆÏ° §üˆÏÎ˚Ó˚ §ˆÏD Ü˛¡õˆÏöÓ˚ !ÓhflÏyÓ˚ ï˛Ìy ¢!_´ e´ü¢ •…y§ ˛õyÎ˚– ~•z xÓü®ˆÏöÓ˚ xyÓ˚Ä Ü˛ï˛=!° ˜Ó!¢‹Tƒ

xyüÓ˚y ≤ÃÌˆÏü 3.3.3 ~ÓÇ ˛õˆÏÓ˚ 3.5 xö%ˆÏFåÈˆÏò !ÓhflÏy!Ó˚ï˛û˛yˆÏÓ xyˆÏ°yã˛öy Ü˛Ó˚Ó–

3.3.1 x!ï˛ xÓü®ö Ä ï˛yÓ˚ ˜Ó!¢‹Tƒ§ü)•x!ï˛ xÓü®ö Ä ï˛yÓ˚ ˜Ó!¢‹Tƒ§ü)•x!ï˛ xÓü®ö Ä ï˛yÓ˚ ˜Ó!¢‹Tƒ§ü)•x!ï˛ xÓü®ö Ä ï˛yÓ˚ ˜Ó!¢‹Tƒ§ü)•x!ï˛ xÓü®ö Ä ï˛yÓ˚ ˜Ó!¢‹Tƒ§ü)•

x!ï˛ xÓü®ˆÏöÓ˚ ˆ«˛ˆÏe b2 > ω0
2  (b2 – ω0

2 ) Ó˚y!¢!ê˛ ôöydÜ˛ ~ÓÇ 3.7a, b §ü#Ü˛Ó˚ˆÏîÓ˚  α1 ~ÓÇ

α
2
 ò%!ê˛ ÓyhflÏÓ §Çáƒy–

ôÓ˚y ÎyÜ˛ñ β = 2 2
0b ω−

ï˛y•ˆÏ° 3.9 §ü#Ü˛Ó˚ˆÏî í˛z!Õ‘!áï˛ xÓü!®ï˛ Ü˛¡õˆÏöÓ˚ §yôyÓ˚î §üyôyö ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÎ˚ òÑyí˛¸yÎ˚

x(t) = 1 2exp( )[ exp( ) exp( )]bt a t a t− + −β β ... 3.10

~•z §ü#Ü˛Ó˚î myÓ˚y §)!ã˛ï˛ à!ï˛ Ü˛¡õöà!ï˛ öÎ˚– ~•z ôÓ˚ˆÏöÓ˚ à!ï˛ˆÏÜ˛ Ó˚&k˛ ˆòy° (dead beat) Ó°y •Î˚–

ï˛ˆÏÓ Ü˛¡õö §¡õß¨ öy •ˆÏ°Ä §üˆÏÎ˚Ó˚ §ˆÏD ò)Ó˚c Ü˛#û˛yˆÏÓ ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÓñ ï˛y !Ü˛v !öû≈˛Ó˚ Ü˛Ó˚ˆÏÓ ≤ÃyÌ!üÜ˛

¢ˆÏï≈˛Ó˚ (initial condition) Ä˛õÓ˚– ~•z ≤ÃyÌ!üÜ˛ ¢ˆÏï≈˛Ó˚ §y•yˆÏÎƒ ò%!ê˛ ˆfl∫FåÈ xã˛Ó˚ a
1
 ~ÓÇ a

2
 Ä !öô≈yÓ˚î

Ü˛Ó˚y ÎyÎ˚–

ˆÎüö ôÓ˚y ÎyÜ˛ñ ≤ÃyÌ!üÜ˛ xÓfliyÎ˚ Ó›!ê˛ ï˛yÓ˚ §yüƒyÓfliyˆÏö Ó˚ˆÏÎ˚ˆÏåÈ xÌ≈yÍñ Îáö t = 0, x = 0– ~ÓyÓ˚

~Ó˚ Ä˛õÓ˚ ~Ü˛!ê˛ âyï˛ Sx!ï˛ «%˛o §üÎ˚ ôˆÏÓ˚ §•§y ≤ÃÎ%_´ Ó,•Í Ó°V ≤ÃˆÏÎ˚yà Ü˛Ó˚y •°– ï˛yÓ˚ ú˛ˆÏ° ≤ÃyÌ!üÜ˛

§üˆÏÎ˚ xÌ≈yÍñ t = 0ÈÙÈˆï˛ Ó›!ê˛ v
0
 ˆÓà °yû˛ Ü˛Ó˚°– ~áö ~•z ò%!ê˛ ¢ï≈˛ ≤ÃˆÏÎ˚yà Ü˛Ó˚y ÎyÜ˛–

≤Ãò_ ò%!ê˛ ¢ï≈˛ •°ñ Îáö t = 0, x = 0; Îáö t = 0, 

dx
dt

 Óy v = v
0

≤ÃÌü ¢ï≈˛ 3.10 §ü#Ü˛Ó˚ˆÏî Ó!§ˆÏÎ˚ ˛õy•zñ

0 = a
1
 + a

2
... (i)
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3.10 §ü#Ü˛Ó˚ˆÏîÓ˚ í˛zû˛Î˚ ˛õ«˛ˆÏÜ˛ xÓÜ˛°ö Ü˛Ó˚ˆÏ° xy˛õ!ö ˛õyˆÏÓö ≠

dx
dt

= 

12 exp()[exp()exp()] bbtatat −−+− ββ 12 exp()[exp()exp()] btatat +−−− βββ

~áö !mï˛#Î˚ ¢ï≈˛!ê˛ Ó§yˆÏ° ˛õyÄÎ˚y ÎyˆÏÓ

v
0
 = –b[a

1 
+ a

2
] + β [a

1 
– a

2
] ... (ii)

(i) Ä (ii) ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ §•ˆÏç•z ˛õyÄÎ˚y ÎyˆÏÓ

a
1
 = – a

2
 = 

0

2
v

β

~Ó˚ §y•yˆÏÎƒ 3.10 §ü#Ü˛Ó˚î ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÎ˚ òÑyí˛¸yÎ˚

x(t) = 

0exp()[exp()exp()] 2
v

bttt −−− ββ β
= 0 ( ). ( )

v
t tφ ψβ ... 3.11

ˆÎáyˆÏö φ(t) = exp (–bt)

~ÓÇ  ψ (t) = exp( ) exp( )
2

t t− −β β  = sin h (βt)

§ü#Ü˛Ó˚î 3.11 ~ ˆòáy ÎyˆÏFåÈ ˆÎñ x(t), ò%!ê˛ xˆÏ˛õ«˛Ü˛ xÌ≈yÍ φ(t) ~ÓÇ ψ (t) ~Ó˚ =îú˛ˆÏ°Ó˚ §üyö–

~•z ò%!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ≤ÃÌü!ê˛ xÌ≈yÍ φ(t)[= exp (–bt)], §üˆÏÎ˚Ó˚ §ˆÏD •…y§ ˛õyÎ˚ ~ÓÇ !mï˛#Î˚!ê˛ xÌ≈yÍ ψ
(t)[= sinh(βt)], §üˆÏÎ˚Ó˚ §ˆÏD Ó,!k˛ ˛õyÎ˚– x!ï˛ xÓü®ˆÏöÓ˚ ˆ«˛ˆÏe b ~Ó˚ üyö β xˆÏ˛õ«˛y Óí˛¸ •ÄÎ˚yÎ˚ φ(t)

~Ó˚ •…y§ ˛õyÄÎ˚yÓ˚ •yÓ˚ ˆÓ!¢– ï˛y•z ò%!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ =îú˛° ≤ÃÌˆÏü §yüyöƒ Ó,!k˛ ˆ˛õˆÏ°Ä ï˛y o&ï˛ •…y§ ˛õyÎ˚–

ú˛ˆÏ° x(t) ≤ÃÌˆÏü §üˆÏÎ˚Ó˚ §ˆÏD §yüyöƒ Ó,!k˛ ˆ˛õˆÏ°Ä á%Ó ï˛yí˛¸yï˛y!í˛¸ ï˛y ¢)öƒ •ˆÏÎ˚ ÎyÎ˚– 3.2 !ã˛ˆÏe §üˆÏÎ˚Ó˚

§ˆÏD ~•z ò%!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˛õ!Ó˚Óï≈˛ö ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ– °«˛ƒ Ü˛Ó˚yÓ˚ !Ó£ÏÎ˚ñ 3.2(b)ÈÙÈˆï˛ ˆòáyˆÏöy ˆ°á!ã˛ˆÏe

sinh(βt) §üˆÏÎ˚Ó˚ §ˆÏD ˆÓˆÏí˛¸ ã˛ˆÏ°ñ sin (βt)ÈÙÈÓ˚ üï˛ ï˛yÓ˚ ˛õÎ≈yÓ,_ üyö ˛õyÄÎ˚y ÎyÎ˚ öy– Ó›ï˛ ~çöƒ ~ˆÏ«˛ˆÏe

x(t)ÈÙÈÓ˚ üyöÄ ˛õÎ≈yÓ,_ •Î˚ öy ~ÓÇ Ü˛¡õö §Ω˛Ó •Î˚ öy– 3.2(a) !ã˛ˆÏe xy˛õ!ö ˆòáˆÏï˛ ˛õyˆÏÓö ˆÎ φ(t) §üˆÏÎ˚Ó˚

§ˆÏD Ü˛ˆÏü ÎyˆÏFåÈ– ï˛ˆÏÓ ~•z Ü˛üyÓ˚ •yÓ˚ bÈÙÈ~Ó˚ üyˆÏöÓ˚ Ä˛õÓ˚ !öû≈˛Ó˚¢#°– 3.3 !ã˛ˆÏe 3.11 §ü#Ü˛Ó˚î xö%ÎyÎ˚#
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tÈÙÈ~Ó˚ §ˆÏD x(t) ~Ó˚ ˛õ!Ó˚Óï≈˛ö ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ– Îáö Ó›!ê˛ˆÏÜ˛ ~Ü˛!ê˛ âyï˛ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ §yüƒyÓfliy ˆÌˆÏÜ˛

!Óã%˛ƒï˛ Ü˛Ó˚y •Î˚ñ ï˛áöÜ˛yÓ˚ x!ï˛ xÓü®öç!öï˛ §üÎ˚ ÈÙÈ ò)Ó˚c ˆÓ˚á!ã˛e ~áyˆÏö ˆòáy ÎyˆÏFåÈ– ~•z !ã˛ˆÏe ˆòáyˆÏöy

x(t) ~Ó˚ üyö 3.2 (a) Ä (b) !ã˛ˆÏeÓ˚ ò%!ê˛ xˆÏ˛õ«˛Ü˛Ä 

0 v
β

 Ó˚y!¢Ó˚ =îˆÏöÓ˚ myÓ˚y ˛õyÄÎ˚y ˆàˆÏåÈ–

3.3.2 e´yhsˇ#Î˚ xÓü®öe´yhsˇ#Î˚ xÓü®öe´yhsˇ#Î˚ xÓü®öe´yhsˇ#Î˚ xÓü®öe´yhsˇ#Î˚ xÓü®ö

e´yhsˇ#Î˚ xÓü®ö ≤ÃÜ,˛ï˛˛õˆÏ«˛ x!ï˛ xÓü®ö Ä °â% xÓü®ˆÏöÓ˚ §#üyˆÏÓ˚áy §)!ã˛ï˛ Ü˛ˆÏÓ˚– ~•z xÓü®ˆÏöÓ˚

í˛z˛õ!fli!ï˛ˆÏï˛ ˆÜ˛yöÄ Ü˛¡õö«˛ü Ó›ˆÏÜ˛ Îáö ï˛yÓ˚ §yüƒyÓfliyö ˆÌˆÏÜ˛ !Óã%˛ƒï˛ Ü˛Ó˚y •Î˚ñ ï˛áö ï˛y §Ó≈yˆÏ˛õ«˛y

o&ï˛ §yüƒyÓfliyˆÏö ˆú˛Ó˚ï˛ xyˆÏ§ ~ÓÇ ˆ§áyˆÏö•z !fliÓ˚ •ˆÏÎ˚ ÎyÎ˚ ˆÜ˛yöÄ Ü˛¡õö ≤Ãò¢≈ö Ü˛ˆÏÓ˚ öy– xÓü®ˆÏöÓ˚

üyey ~Ó˚ ˆÌˆÏÜ˛ ˆÓ!¢ •ˆÏ°ñ ï˛yˆÏÜ˛ x!ï˛ xÓü®ö Ó°y •ˆÏÓ ~ÓÇ ˆ§ˆÏ«˛ˆÏeÄ Ü˛¡õö ˆòáy ÎyˆÏÓ öyñ Î!òÄ

Ü˛¡õö«˛ü Ó› xˆÏ˛õ«˛yÜ,˛ï˛ ˆÓ!¢ §üÎ˚ !öˆÏÎ˚ §yüƒyÓfliyˆÏö ~ˆÏ§ !fliÓ˚ •ˆÏÎ˚ ÎyˆÏÓ– xyÓ˚ xÓü®ˆÏöÓ˚ üyey e´yhsˇ#Î˚

xÓü®ö ˆÌˆÏÜ˛ Ü˛ü •ˆÏ°ñ §yü!@ˇÃÜ˛ ÓƒÓfliy!ê˛ ~Ü˛ÓyÓ˚ §yüƒyÓfliy ˆÌˆÏÜ˛ !Óã%˛ƒï˛ •ˆÏ° Ü˛!¡õï˛ •ˆÏï˛ ÌyÜ˛ˆÏÓ–

xy˛õöyÓ˚ üˆÏö •ˆÏï˛ ˛õyˆÏÓ˚ñ ~•z e´yhsˇ#Î˚ xÓü®ˆÏöÓ˚ ˆÜ˛yöÄ !ÓˆÏ¢£Ï ï˛yÍ˛õÎ≈ xyˆÏåÈ !Ü˛ öy– ÓƒÓ•y!Ó˚Ü˛


