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~Ü˛Ü˛~Ü˛Ü˛~Ü˛Ü˛~Ü˛Ü˛~Ü˛Ü˛     5 Î%!@¬ï˛ ˆòy°öÎ%!@¬ï˛ ˆòy°öÎ%!@¬ï˛ ˆòy°öÎ%!@¬ï˛ ˆòy°öÎ%!@¬ï˛ ˆòy°ö     (Coupled oscillation)

àë˛öàë˛öàë˛öàë˛öàë˛ö

5.1 ≤ÃhflÏyÓöy

í ẑ̨ Ïj¢ƒ

5.2 •y°Ü˛y !fl±Ç myÓ˚y Î%_´ ò%!ê˛ §üyö û˛ˆÏÓ˚Ó˚ Î%!@¬ï˛ Ü˛¡õö

5.2.1 xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛y

5.2.2 Î%!@¬ï˛ Ü˛¡õˆÏöÓ˚ fl∫yû˛y!ÓÜ˛ !öˆÏò≈¢yB˛ Ä fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#

5.3 Î%!@¬ï˛ Ü˛¡õˆÏö !ÓhflÏyˆÏÓ˚Ó˚ ü!í˛í˛zˆÏ°¢ö–

5.4 ò%!ê˛ Î%!@¬ï˛ §Ó˚° ˆòy°ˆÏÜ˛Ó˚ ˆ«˛ˆÏe fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Ó˚ !ÓˆÏŸ’£Ïî Ä ˛õÎ≈yˆÏ°yã˛öy

5.5 fl∫yû˛y!ÓÜ˛ Ü˛¡õˆÏöÓ˚ Ü˛¡õyB˛ !öî≈ˆÏÎ˚Ó˚ §yôyÓ˚î ˛õk˛!ï˛

5.6 §yÓ˚yÇ¢

5.7 §Ó≈ˆÏ¢£Ï ≤ÃŸ¿yÓ°#

5.8 í˛z_Ó˚üy°y

5.1 ≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy≤ÃhflÏyÓöy

~•z ˛õÎ≈yˆÏÎ˚ xyüÓ˚y ~ ˛õÎ≈hsˇ ~Ü˛Ü˛ ˆòy°ˆÏÜ˛Ó˚ ˆòy°ö §¡∫ˆÏ¶˛ xyˆÏ°yã˛öy Ü˛ˆÏÓ˚!åÈ– ~Ó˚ üˆÏôƒ ˛õ)Ó≈Óï≈˛# ~Ü˛ˆÏÜ˛

≤ÃˆÏîy!òï˛ ˆòy°ˆÏöÓ˚ xyˆÏ°yã˛öyÎ˚ xyüyÓ˚ ˆòˆÏá!åÈñ ã˛y°Ü˛ Ó° Ü˛#û˛yˆÏÓ Óy•zˆÏÓ˚ ˆÌˆÏÜ˛ ¢!_´ §Ó˚ÓÓ˚yˆÏ•Ó˚ üyôƒˆÏü

ã˛y!°ï˛ ï˛ˆÏsf Ü˛¡õö ÓçyÎ˚ Ó˚yˆÏá– ~ˆÏ«˛ˆÏe ¢!_´Ó˚ •hflÏyhsˇÓ˚ ˆÜ˛Ó°üye ~Ü˛!òˆÏÜ˛ xÌ≈yÍ ã˛y°Ü˛ ˆÌˆÏÜ˛ ã˛y!°ˆÏï˛Ó˚

!òˆÏÜ˛ âˆÏê˛ ÌyˆÏÜ˛ÈÙÙÙÈã˛y°ˆÏÜ˛Ó˚ !òˆÏÜ˛ ¢!_´ ˆú˛Ó˚ï˛ xyˆÏ§ öy ~ÓÇ ~Ó˚ ú˛ˆÏ° ã˛y°ˆÏÜ˛Ó˚ xÓfliyÓ˚ ˆÜ˛yöÄ ˛õ!Ó˚Óï≈˛ö

âˆÏê˛ öy– ï˛áö•z xyüÓ˚y í˛zˆÏÕ‘á Ü˛ˆÏÓ˚!åÈ°yü ˆÎñ Î!ò ¢!_´Ó˚ •hflÏyhsˇÓ˚ í˛zû˛Î˚ü%á# •ÄÎ˚y §Ω˛Ó˛õÓ˚ •Î˚ñ ï˛y•ˆÏ°

ã˛y°Ü˛ Ä ã˛y!°ï˛ˆÏÜ˛ xy°yòyû˛yˆÏÓ !ã˛!•´ï˛ Ü˛Ó˚y ÎyˆÏÓ öy– ï˛áö ˆÎ Ü˛¡õö ˆòáy ÎyˆÏÓñ ï˛yÓ˚ !Ó!û˛ß¨ ˛õÎ≈yˆÏÎ˚

¢!_´ •hflÏyhsˇˆÏÓ˚Ó˚ x!û˛ü%á ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÓ ~ÓÇ ~Ü˛!ê˛ ï˛sfˆÏÜ˛ ~Ü˛ÓyÓ˚ ã˛y!°ˆÏï˛Ó˚ û)˛!üÜ˛yÎ˚ ˆòáˆÏ° !Ü˛å%È ˛õˆÏÓ˚•z

ˆ§!ê˛ ã˛y°ˆÏÜ˛Ó˚ xy§ö @ˇÃ•î Ü˛Ó˚ˆÏÓ– ~•z ˛õ!Ó˚Óï≈˛ö ã˛°ˆÏï˛•z ÌyÜ˛ˆÏÓ Îï˛«˛î öy Ü˛¡õö §¡õ)î≈ Ó¶˛ •ˆÏFåÈ– ~•z

ôÓ˚ˆÏöÓ˚ Ü˛¡õö xyüyˆÏòÓ˚ ˛õ)Ó≈ ˛õ!Ó˚!ã˛ï˛ Ü˛¡õö ˆÌˆÏÜ˛ !û˛ß¨ ~ÓÇ ˛õòyÌ≈!ÓòƒyÓ˚ ˛õ!Ó˚û˛y£ÏyÎ˚ ~ˆÏÜ˛ Ó°y •Î˚ Î%!@¬ï˛

ˆòy°ö (coupled oscillation)–

~•z ~Ü˛ˆÏÜ˛ xyüÓ˚y ≤Ãôyöï˛ ò%!ê˛ Î%!@¬ï˛ ˆòy°ˆÏÜ˛Ó˚ Ü˛¡õö §¡∫ˆÏ¶˛ xyˆÏ°yã˛öy Ü˛Ó˚Ó– ï˛ˆÏÓ ~•z xyˆÏ°yã˛öyÎ˚

xy˛õ!ö ˆÎ ày!î!ï˛Ü˛ ˛õk˛!ï˛Ó˚ §ˆÏD ˛õ!Ó˚!ã˛ï˛ •ˆÏÓöñ ˆ§!ê˛ ˆÎ ˆÜ˛yöÄ §ÇáƒÜ˛ Î%!@¬ï˛ ˆòy°ˆÏÜ˛Ó˚ ˆ«˛ˆÏe ≤ÃˆÏÎ˚yà

Ü˛Ó˚y ÎyÎ˚–

≤ÃÜ,˛!ï˛ˆÏï˛ Î%!@¬ï˛ ˆòy°ˆÏöÓ˚ xˆÏöÜ˛ í˛zòy•Ó˚î ˆòáˆÏï˛ ˛õyÄÎ˚y ÎyÎ˚– çˆÏ°Ó˚ xî%ˆÏï˛ x!:ˆÏçö ˛õÓ˚üyî% ò%!ê˛

•y•zˆÏí»˛yˆÏçö ˛õÓ˚üyî%Ó˚ ≤Ã!ï˛!ê˛Ó˚ §ˆÏD !ü!°ï˛ •ˆÏÎ˚ ~Ü˛ ~Ü˛!ê˛ ˆòy°Ü˛ Ó˚ã˛öy Ü˛ˆÏÓ˚– x!:ˆÏçö ˛õÓ˚üyî%Ó˚ üyôƒˆÏü

~•z ò%!ê˛ ˆòy°Ü˛ Î%!@¬ï˛ ÌyˆÏÜ˛– ò%!ê˛ §Ó˚° ˆòy°Ü˛ Î!ò ~Ü˛•z ê˛yö Ü˛ˆÏÓ˚ Ó˚yáy Ó˚I% ˆÌˆÏÜ˛ ˆé˛y°yˆÏöy ÌyˆÏÜ˛ñ
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ï˛y•ˆÏ° ˙ Ó˚I%Ó˚ fliyöã%˛ƒ!ï˛Ó˚ üyôƒˆÏü ˆòy°Ü˛ ò%!ê˛ Î%!@¬ï˛ •Î˚ S!ã˛e 5.1)– !fli!ï˛fliy˛õÜ˛ üyôƒˆÏü §!ß¨!•ï˛

Ó›Ü˛îy=!° ˛õÓ˚flõÓ˚ Î%!@¬ï˛ ÌyˆÏÜ˛ ÓˆÏ°•z ~•z çyï˛#Î˚ üyôƒˆÏü !fli!ï˛fliy˛õÜ˛ ï˛Ó˚ˆÏDÓ˚ í˛zÍ˛õ!_ •Î˚– ~ ˆÌˆÏÜ˛

ˆÓyé˛y ÎyÎ˚ ˆÎñ Î%!@¬ï˛ ˆòy°ö ˛õòyÌ≈!ÓòƒyÓ˚ ò,!‹TˆÏÜ˛yî ˆÌˆÏÜ˛ ˆòáˆÏ° xï˛ƒhsˇ =Ó˚&c˛õ)î≈–

í˛zˆÏj¢ƒí˛zˆÏj¢ƒí˛zˆÏj¢ƒí˛zˆÏj¢ƒí˛zˆÏj¢ƒ

Î%!@¬ï˛ ˆòy°ö !Ó£ÏÎ˚Ü˛ ~•z ~Ü˛Ü˛!ê˛ ˛õí˛¸ˆÏ° xy˛õ!ö ˆÎ Ü˛yç=!° Ü˛Ó˚yÓ˚ ò«˛ï˛y xç≈ö Ü˛Ó˚ˆÏÓö ˆ§=!°

•° ÈÙÙÙÈ

Î%@¿ˆÏöÓ˚ ú˛ˆÏ° ~Ü˛y!ôÜ˛ !Ó!FåÈß¨ ˆòy°ˆÏÜ˛Ó˚ ˜Ó!¢ˆÏ‹Tƒ Ü˛# ôÓ˚ˆÏöÓ˚ ˛õ!Ó˚Óï≈˛ö âˆÏê˛ ï˛yÓ˚ ˛õÎ≈yˆÏ°yã˛öy Ü˛Ó˚ˆÏï˛

˛õyÓ˚ˆÏÓö–

xö%˜Ïòâ≈ƒû˛yˆÏÓ Ü˛!¡õï˛ Î%!@¬ï˛ ˆòy°Ü˛ ï˛ˆÏsfÓ˚ àï˛#Î˚ §ü#Ü˛Ó˚ˆÏîÓ˚ (equation of motion) ≤Ã!ï˛¤˛y

Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓö–

Î%!@¬ï˛ ˆòy°ˆÏöÓ˚ §üO§ !öˆÏò≈¢yB˛ (normal coordinates of coupled oscillation) Ä fl∫û˛yÓ

Ü˛¡õˆÏöÓ˚ ôÓ˚ö (normal modes of vibration) ~ÓÇ Ü˛¡õyB˛ àîöy Ä ˆ§=!° !öî≈ˆÏÎ˚Ó˚ §yôyÓ˚î

˛õk˛!ï˛Ó˚ ˛õÎ≈yˆÏ°yã˛öy–

ï%˛°öyü)°Ü˛ xyˆÏ°yã˛öyÓ˚ üyôƒˆÏü !Ü˛å%È ˛õ!Ó˚!ã˛ï˛ ÓyhflÏÓ ï˛ˆÏsfÓ˚ fl∫û˛yÓ Ü˛¡õˆÏöÓ˚ ôÓ˚ö àîöy–

5.2 •y°Ü˛y !fl±Ç myÓ˚y Î%_´ ò%!ê˛ §üyö û˛ˆÏÓ˚Ó˚ Î%!@¬ï˛ Ü˛¡õö–•y°Ü˛y !fl±Ç myÓ˚y Î%_´ ò%!ê˛ §üyö û˛ˆÏÓ˚Ó˚ Î%!@¬ï˛ Ü˛¡õö–•y°Ü˛y !fl±Ç myÓ˚y Î%_´ ò%!ê˛ §üyö û˛ˆÏÓ˚Ó˚ Î%!@¬ï˛ Ü˛¡õö–•y°Ü˛y !fl±Ç myÓ˚y Î%_´ ò%!ê˛ §üyö û˛ˆÏÓ˚Ó˚ Î%!@¬ï˛ Ü˛¡õö–•y°Ü˛y !fl±Ç myÓ˚y Î%_´ ò%!ê˛ §üyö û˛ˆÏÓ˚Ó˚ Î%!@¬ï˛ Ü˛¡õö–

Î%!@¬ï˛ Ü˛¡õˆÏöÓ˚ !Óhfl,Ïï˛ xyˆÏ°yã˛öyÓ˚ ~•z xö%ˆÏFåÈˆÏò xyüÓ˚y ~Ü˛!ê˛ !ÓˆÏ¢£Ï !fl±ÇÈÙÈû˛Ó˚ ï˛sfˆÏÜ˛ ˆÓˆÏåÈ !ö!FåÈ–

5.2 !ã˛ˆÏe ~•z ï˛sf!ê˛ ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ– ~áyˆÏö ò%!ê˛ §üyö û˛Ó˚ m, k' !fl±Ç ô ÓÜ˛ !Ó!¢‹T ò%•z!ê˛ !fl±Ç ~Ó˚ ≤ÃyˆÏhsˇÓ˚

§ˆÏD Î%_´– ~•z !fl±Ç ò%!ê˛Ó˚ xöƒ ≤Ãyhsˇ=!° ò,ì˛¸ xÓ°¡∫ˆÏöÓ˚ §ˆÏD xyÓk˛– ò%!ê˛ û˛Ó˚ m ˆÜ˛ Î%_´ Ü˛ˆÏÓ˚ˆÏåÈ ï,˛ï˛#Î˚
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~Ü˛!ê˛ !fl±Ç ÎyÓ˚ !fl±Ç ô ÓÜ˛ k– ~•z !fl±Ç ò%!ê˛ û˛ˆÏÓ˚Ó˚ üˆÏôƒ Î%@¬ˆÏöÓ˚ (coupling) Ü˛yç Ü˛Ó˚ˆÏåÈ– k ~Ó˚ üyˆÏöÓ˚

Ä˛õÓ˚ Î%@¬ˆÏöÓ˚ üyey !öû≈˛Ó˚

Ü˛Ó˚ˆÏÓ– §yüƒ xÓfliyˆÏö §Ó

Ü˛!ê˛ !fl±Ç !öç !öç

fl∫yû˛y!ÓÜ˛ ˜òâ≈ƒ ÓçyÎ˚ Ó˚yˆÏá

~ÓÇ û˛Ó˚=!° !fliÓ˚ xÓfliyÎ˚

ÌyˆÏÜ˛–

xy˛õ!ö ˆû˛ˆÏÓ ˆòáyˆÏï˛

˛õy Ï̂Ó˚öñ ~ôÓ˚̂ ÏöÓ˚ ~Ü˛!ê˛ ï˛ Ï̂sf

Ü˛# ôÓ˚ˆÏöÓ˚ Ü˛¡õö âê˛ˆÏï˛

˛õyˆÏÓ˚– û˛Ó˚ ò%!ê˛Ó˚ ˆÎ ˆÜ˛yöÄ

~Ü˛!ê˛ñ xÌÓy ò%!ê˛ˆ ÏÜ˛•z

§yüƒyÓfliy ˆÌˆÏÜ˛ !Óã%˛ƒï˛ Ü˛ˆÏÓ˚

ˆåÈˆÏí˛¸ !òˆÏ°ñ ˆ§=!° Ü˛!¡õï˛ •ˆÏï˛ ÌyÜ˛ˆÏÓ ~ÓÇ !fl±Ç=!°Ä û˛Ó˚=!°Ó˚ §Ó˚î xö%ÎyÎ˚# §B%˛!ã˛ï˛ Ä ≤Ã§y!Ó˚ï˛

•ˆÏï˛ ÌyÜ˛ˆÏÓ– û˛Ó˚ ò%!ê˛Ó˚ ≤ÃyÌ!üÜ˛ !Óã˛ƒ%!ï˛ Î!ò !fl±Ç=!°Ó˚ ˜òâ≈ƒ ÓÓ˚yÓÓ˚ xÌ≈yÍ í˛yö!òˆÏÜ˛ Óy ÓÑy!òˆÏÜ˛ •Î˚ñ ï˛ˆÏÓ

ˆ§=!°Ó˚ Ü˛¡õöÄ !fl±Ç ~Ó˚ ˜òâ≈ƒ ÓÓ˚yÓÓ˚ •ˆÏÓ– ~•z ôÓ˚ˆÏöÓ˚ Ü˛¡õöˆÏÜ˛ xyüÓ˚y xö%˜Ïòâ≈ƒ Ü˛¡õö Ó!°– û˛Ó˚

ò%!ê˛Ó˚ ~Ü˛!ê˛ Óy í˛zû˛Î˚ˆÏÜ˛ Î!ò !fl±Ç ~Ó˚ ˜òˆÏâ≈ƒÓ˚ °¡∫ ÓÓ˚yÓÓ˚ !Óã%˛ƒï˛ Ü˛Ó˚yÓ˚ ˛õÓ˚ ˆåÈˆÏí˛¸ ˆòÄÎ˚y •Î˚ñ ï˛ˆÏÓ û˛Ó˚=!°Ä

˙ °¡∫ ÓÓ˚yÓÓ˚ñ xÌ≈yÍ xö%≤Ãfliû˛yˆÏÓ Ü˛!¡õï˛ •ˆÏÓ– ï˛ˆÏÓ ~áyˆÏö xyüÓ˚y ˆÜ˛Ó°üye xö%˜Ïòâ≈ƒ Ü˛¡õˆÏö•z

xyˆÏ°yã˛öy §#üyÓk˛ Ó˚yáÓ–

xÓ¢ƒ ~ê˛y xyüyˆÏòÓ˚ üˆÏö Ó˚yáˆÏï˛•z •ˆÏÓ ˆÎñ û˛Ó˚=!°Ó˚ Ü˛¡õˆÏöÓ˚ !ÓhflÏyÓ˚ñ ˛õyÓ˚flõ!Ó˚Ü˛ ò¢yÓ˚ ≤ÃˆÏû˛ò ≤Ãû˛,!ï˛

˜Ó!¢‹Tƒ Ü˛¡õˆÏöÓ˚ ≤ÃyÌ!üÜ˛ ¢ï≈˛=!°Ó˚ Ä˛õÓ˚ !öû≈˛Ó˚ Ü˛ˆÏÓ˚– §%ï˛Ó˚yÇñ xyüÓ˚y Ü˛¡õö¢#° Ó›ï˛ˆÏsfÓ˚ à!ï˛ §ü#Ü˛Ó˚î

≤Ã!ï˛¤˛y Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏ°Äñ ï˛yÓ˚ §üyôyˆÏöÓ˚ çˆÏöƒ xyüyˆÏòÓ˚ ≤ÃyÌ!üÜ˛ ¢ï≈˛=!° çyöy ≤ÃˆÏÎ˚yçö •ˆÏÓ

5.2 xÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛yxÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛yxÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛yxÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛yxÓÜ˛° §ü#Ü˛Ó˚ˆÏîÓ˚ ≤Ã!ï˛¤˛y

5.2 !ã˛ˆÏe ˆòáyˆÏöy !fl±Ç ÈÙÈû˛Ó˚ ï˛ˆÏsfÓ˚ §ˆÏD xy˛õ!ö xyˆÏà•z ˛õ!Ó˚!ã˛ï˛ •ˆÏÎ˚ˆÏåÈö– ~áyˆÏö xyüÓ˚y O !Ó®%̂ ÏÜ˛

ü)°!Ó®% ~ÓÇ !fl±Ç ~Ó˚ ˜òâ≈ƒ ÓÓ˚yÓÓ˚ ‘x’ x«˛ ôˆÏÓ˚ ˆöÓ– ôÓ˚y ÎyÜ˛ñ X
A
  ~ÓÇ X

B 
ÎÌye´ˆÏü ò%!ê˛ û˛Ó˚ A

~ÓÇ B ~Ó˚ û˛Ó˚ˆÏÜ˛ˆÏwÓ˚ fliyöyB˛ !öˆÏò≈¢ Ü˛Ó˚ˆÏåÈ– ~áö A Ä B û˛Ó˚ ò%!ê˛ˆÏÜ˛ í˛yö!òˆÏÜ˛ ÎÌye´ˆÏü x1 Ä x2  ò)Ó˚c

ˆê˛ˆÏö §!Ó˚ˆÏÎ˚ ôˆÏÓ˚ Ó˚yáy •°– ~Ó˚ ú˛ˆÏ° í˛yö!òˆÏÜ˛Ó˚ !fl±Ç!ê˛ §B%˛!ã˛ï˛ •ˆÏÓ– Óyü!òˆÏÜ˛Ó˚ !fl±Ç Ä üyˆÏé˛Ó˚ !fl±Çñ

ÎyˆÏÜ˛ ˛õ!Ó˚û˛y£ÏyÎ˚ Ó°y •Î˚ Î%@¬ö !fl±Ç (coupling spring), ~Ó˚ ú˛ˆÏ° ≤Ã§y!Ó˚ï˛ •ˆÏÓ– ~áö A Ä B ˆÜ˛

ˆåÈˆÏí˛¸ !òˆÏ° §ü@ˇÃ ÓƒÓfliy!ê˛Ó˚ xö%˜Ïòâ≈ƒ Ü˛¡õö âê˛ˆÏï˛ ÌyÜ˛ˆÏÓ–

Î!ò t §üˆÏÎ˚ ü)°!Ó®%Ó˚ §yˆÏ˛õˆÏ«˛ A ~ÓÇ B û˛ˆÏÓ˚Ó˚ xÓfliyö ÎÌye´ˆÏü X
A
 ~ÓÇ X

B
  •Î˚ñ §yüƒyÓfliy ˆÌˆÏÜ˛

XB

XB

XA

XA
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ï˛yˆÏòÓ˚ ò)Ó˚c •ˆÏÓ ÎÌye´ˆÏü x
1
=x

A
 -X

A 
 ~ÓÇ x

2
 =x

B
 -X

B
– xyüÓ˚y xyˆÏà•z í˛zˆÏÕ‘á Ü˛ˆÏÓ˚!åÈ ˆÎñ ò%’≤ÃyˆÏhsˇÓ˚

ò%!ê˛ !fl±Ç ~Ó˚ !fl±Ç ô ÓÜ˛ k′ ~ÓÇ üyˆÏé˛Ó˚ Î%@¿ö !fl±Ç ~Ó˚ ˆ«˛ˆÏe ˙ üyö k– §%ï˛Ó˚yÇñ A Ä B ~Ó˚ Ä˛õÓ˚

!e´Î˚y¢#° Ó°à%!° Ü˛ï˛ •ˆÏÓ ï˛y !öˆÏã˛Ó˚ §yÓ˚!îˆÏï˛ ˆòáyˆÏöy •° :

ÓˆÏ°Ó˚˛ ̨ õ!Ó˚ã˛Î˚ÓˆÏ°Ó˚˛ ̨ õ!Ó˚ã˛Î˚ÓˆÏ°Ó˚˛ ̨ õ!Ó˚ã˛Î˚ÓˆÏ°Ó˚˛ ̨ õ!Ó˚ã˛Î˚ÓˆÏ°Ó˚˛ ̨ õ!Ó˚ã˛Î˚ A ~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó°~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó°~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó°~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó°~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó° B ~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó°~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó°~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó°~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó°~Ó˚ Ä˛õÓ˚ !e´Î˚y¢#° Ó°

(i) ≤Ãï˛ƒyöÎ˚Ü˛ Ó° –k′(x
A
 –X

A
)=–k′x

1
–k′(x

B
–X

B
) =–k′x

2

(ii) Î%@¿ö Ó° ( ) ( )B A B AK x x X X⎡ ⎤− − −⎣ ⎦

()() ABAB kxxXX ⎡⎤ −−− ⎣⎦

(coupling force) = k(x
2
–x

1
) = –k(x

2
 –x

1
)

xyüÓ˚y ôˆÏÓ˚ !öˆÏÎ˚!åÈñ í˛zû˛Î˚ û˛Ó˚•z §üyö xÌ≈yÍñ m
A
 = m

B
 = m ~ÓÇ í˛zû˛ˆÏÎ˚•z â£Ï≈î•#ö ï˛ˆÏ° ã˛°yˆÏú˛Ó˚y

Ü˛Ó˚ˆÏåÈ– xï˛~Óñ !öí˛zê˛ˆÏöÓ˚ !mï˛#Î˚ §)e xö%ÎyÎ˚# ˆòáy ÎyÎ˚ ˆÎñ û˛Ó˚ A -~Ó˚ ˆ«˛ˆÏe

()
2

121 2′ =−+− A dx
mkxkxx

dt

........ 5.1

ˆÎˆÏ•ï%˛ XA  ~Ü˛!ê˛ !fliÓ˚ xÓfliyö ˆÓyé˛yˆÏFåÈñ §üˆÏÎ˚Ó˚ §ˆÏD ï˛y ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÓ öy– xÌ≈yÍñ 

2

2 0Ad X
dt

=

∴ ()
22 2

1
1 222

A
A

dxdx dxX
dtdtdt

=+=

§ü#Ü˛Ó˚î 5.1 ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÎ˚ òÑyí˛¸yÎ˚

( )
2

1
1 2 12 ′= − + −d x

m k x k x x
dt

í˛zû˛Î˚˛õ«˛ˆÏÜ˛ m !òˆÏÎ˚ û˛yà Ü˛ˆÏÓ˚ ~ÓÇ ˛õò=!°ˆÏÜ˛ §y!çˆÏÎ˚ !öˆÏÎ˚ ˛õy•z

( )
2

2 21
0 1 2 12 0c

d x
x x x

dt
ω ω+ − − = ........ 5.2

~áy Ï̂ö 

ω0
2=′ k

m

 ~ÓÇ ω c
k
m

2 =

!ë˛Ü˛ ~Ü˛•zû˛yˆÏÓ B û˛Ó˚!ê˛Ó˚ çöƒ xyüÓ˚y !°áˆÏï˛ ˛õy!Ó˚

( )
2

2 1 22 'Bd x
m k x k x x

dt
= − + − ........ 5.3a
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m !òˆÏÎ˚ û˛yà Ü˛ˆÏÓ˚ñ 

2

2 0Bd X
dt

=  Ó!§ˆÏÎ˚ Ä §y!çˆÏÎ˚ !öˆÏÎ˚ ˛õy•z

()
2

22 2
202210 c

dx
xxx

dt
++−= ωω

........ 5.3b

~áyˆÏöÄ 
2
0ω  Ä 

2
c ω

 ~Ü˛•z xÌ≈ Ó•ö Ü˛Ó˚ˆÏåÈ–

5.2 ~ÓÇ 5.3b §ü#Ü˛Ó˚î ò%!ê˛ û˛yˆÏ°y Ü˛ˆÏÓ˚ °«˛ƒ Ü˛Ó˚&ö– ˆÓyé˛y ÎyˆÏFåÈ ˆÎñ ò%!ê˛Ó˚ ˆÜ˛yöê˛y•z §Ó˚° ˆòy°à!ï˛Ó˚

xÓÜ˛° §ü#Ü˛Ó˚î öÎ˚– xï˛~Óñ A Ä B û˛Ó˚ ò%!ê˛Ó˚ à!ï˛ˆÏÜ˛ §Ó˚° ˆòy°à!ï˛ Ó°y ÎyÎ˚ öy– ~•z xÓfliyÓ˚ çöƒ

òyÎ˚# ò%•z §ü#Ü˛Ó˚ˆÏîÓ˚•z ï,˛ï˛#Î˚ ˛õòñ ˆÎ=!° xyüÓ˚y ˆ˛õˆÏÎ˚!åÈ Î%@¿ˆÏöÓ˚ çöƒ– ï˛yåÈyí˛¸y x1 ~ÓÇ x2  í˛zû˛ˆÏÎ˚•z ò%!ê˛

§ü#Ü˛Ó˚ˆÏî í˛z˛õ!fliï˛ ÌyÜ˛yÎ˚ §ü#Ü˛Ó˚î ò%!ê˛Ó˚ §üyôyˆÏö !Ü˛å%Èê˛y x§%!Óôy ˆòáy !òˆÏFåÈ– ï˛y•ˆÏ° ~•z xÓfliyÎ˚ Ü˛#û˛yˆÏÓ

xyüÓ˚y §ü#Ü˛Ó˚î ò%!ê˛Ó˚ §üyôyö Ü˛Ó˚Ó⁄ ˆÎ !Ó£ÏÎ˚!ê˛ üˆÏö ˆÓ˚ˆÏá xyüyˆÏòÓ˚ ã˛°ˆÏï˛ •ˆÏÓ ï˛y •°ñ xyüÓ˚y x
1
 Ä

x2 -Ó˚ ÓòˆÏ° ˆÜ˛yˆÏöy §%!ÓôyçöÜ˛ Ó˚y!¢ !öˆÏÎ˚ Ü˛yç Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚ !Ü˛öy– ~çöƒ ≤ÃÌˆÏü xyüÓ˚y 5.2 ~ÓÇ 5.3b

ˆÜ˛ ˆÎyà Ü˛ˆÏÓ˚ ~ÓÇ ï˛yÓ˚˛õÓ˚ ≤ÃÌü!ê˛ ˆÌˆÏÜ˛ !mï˛#Î˚!ê˛ˆÏÜ˛ !ÓˆÏÎ˚yà Ü˛ˆÏÓ˚ ˛õy•z

()()
2

2
2120120 dxxxx

dt
+++= ω

........ 5.4a

~ÓÇ ( ) ( )( )
2

2 2
2 1 2 0 1 22 0c

d x x x x
dt

− + + − =ω ω ........ 5.4b

~•z §ü#Ü˛Ó˚î ò%!ê˛ ˆÓyô •Î˚ xy˛õöyÓ˚ ˛õ!Ó˚!ã˛ï˛ üˆÏö •ˆÏFåÈ– ˆòá%ö ~ÓyÓ˚ xyüÓ˚y xyˆÏÓ˚Ü˛!ê˛ í˛z˛õyˆÏÎ˚ ~ˆÏòÓ˚

xyÓ˚Ä ˛õ!Ó˚!ã˛ï˛ Ü˛ˆÏÓ˚ ï%˛°ˆÏï˛ ˛õy!Ó˚– xyüÓ˚y ˛õy!Ó˚ñ

1 2 1x x+ = ξ ........ 5.5a

x1 – x2 = 

2 ξ

........ 5.5b

~•z ò%!ê˛ Ó˚!¢ 

1 ξ

 ~ÓÇ 

2 ξ

 ˆÜ˛ Î!ò (5.4a) ~ÓÇ (5.4b) §ü#Ü˛Ó˚ˆÏî ÎÌye´ˆÏü (x1+x2) ~ÓÇ (x1 –x2)Ó˚

çyÎ˚àyÎ˚ Ó§yˆÏöy ÎyÎ˚ñ ï˛y•ˆÏ° xyüÓ˚y ˛õy•zñ

2
2 1

2110
d
dt

+= ξωξ

........ 5.6

~ÓÇñ

2
22

2 2 2 0
d
dt

+ =ξ ω ξ ........ 5.7

~áyˆÏöñ
2 2
1 0

k
m
′= =ω ω ........ 5.8
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~ÓÇñ
2 2 2
2 0

22 c
k k

m
+′= + =ω ω ω ........ 5.9

°«˛ƒ Ü˛Ó˚&öñ 1x  Ä x
2
 -~Ó˚ ÓòˆÏ° 

1 ξ

 ~ÓÇ 

2 ξ

 Ó˚y!¢ ò%!ê˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ (5,6) ˆyÓÇ (5,7) §ü#Ü˛Ó˚î ò%!ê˛

àë˛ö Ü˛Ó˚yÓ˚ ú˛ˆÏ° §ü@ˇÃ ï˛ˆÏsfÓ˚ à!ï˛!ê˛ xyüyˆÏòÓ˚ §%˛õ!Ó˚!ã˛ï˛ §Ó˚° ˆòy°à!ï˛Ó˚ ò%!ê˛ §ü#Ü˛Ó˚ˆÏîÓ˚ üyôƒˆÏü ≤ÃÜ˛y¢

Ü˛Ó˚y ÎyˆÏFåÈ– ~áyˆÏö §üˆÏÎ˚Ó˚ (t) §ˆÏD ˛õ!Ó˚Óï≈˛ö¢#° 

1 ξ

 Ä 

2 ξ

 Ó˚y!¢ ò%!ê˛ ˜Ïï˛!Ó˚ •ˆÏÎ˚ˆÏåÈ x
1
 ~ÓÇ x

2
  ~Ó˚ §üß∫ˆÏÎ˚–

5.6 Ä 5.7 §ü#Ü˛Ó˚î ˆÎ §Ó˚° ˆòy°à!ï˛=!° §)!ã˛ï˛ Ü˛Ó˚ˆÏåÈñ ï˛yˆÏòÓ˚  ˆÜ˛Ô!îÜ˛ Ü˛¡õyB˛ ÎÌye´ˆÏü 

1 ω

 Ä 

2 ω

–

xy˛õ!ö !öÿ˛Î˚•z °«˛ƒ Ü˛ˆÏÓ˚ˆÏåÈö ˆÎñ ~•z ò%!ê˛ ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛Ó˚ üˆÏôƒ 

21 ωω>

– ˛õÓ˚Óï≈˛# xö%ˆÏFåÈˆÏò xyüÓ˚y

5.6 Ä 5.7 §ü#Ü˛Ó˚î ò%!ê˛Ó˚ §üyôyö Ü˛Ó˚Ó ~ÓÇ 

1 ξ

, 

2 ξ

 ~ÓÇ ò%!ê˛ ˆÜ˛Ô!îÜ˛ Ü˛¡õyB˛ 

1 ω

 Ä 

2 ω

  ÈÙÈ~Ó˚ ï˛yÍ˛õÎ≈

!ÓˆÏŸ’£Ïî Ü˛Ó˚Ó–

5.2.2 Î%!@¬ï˛ Ü˛¡õˆÏöÓ˚ fl∫yû˛y!ÓÜ˛ !öˆÏò≈¢yB˛ Ä fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Î%!@¬ï˛ Ü˛¡õˆÏöÓ˚ fl∫yû˛y!ÓÜ˛ !öˆÏò≈¢yB˛ Ä fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Î%!@¬ï˛ Ü˛¡õˆÏöÓ˚ fl∫yû˛y!ÓÜ˛ !öˆÏò≈¢yB˛ Ä fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Î%!@¬ï˛ Ü˛¡õˆÏöÓ˚ fl∫yû˛y!ÓÜ˛ !öˆÏò≈¢yB˛ Ä fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Î%!@¬ï˛ Ü˛¡õˆÏöÓ˚ fl∫yû˛y!ÓÜ˛ !öˆÏò≈¢yB˛ Ä fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#

xyˆÏàÓ˚ xö%ˆÏFåÈˆÏò xyüÓ˚y x
1
 Ä x

2
  ~Ó˚ §ÇˆÏÎyˆÏà à!ë˛ï˛ ò%!ê˛ ã˛°Ó˚y!¢ 

1 ξ

 Ä 

2 ξ

 ˆ˛õˆÏÎ˚!åÈ– ~•z 

1 ξ

 ~ÓÇ

2 ξ

 Ó˚y!¢ò%!ê˛ˆÏÜ˛ Ó°y •Î˚ fl∫yû˛y!ÓÜ˛ !öˆÏò≈¢yB˛ (normal coordinates)– x
1
 ~ÓÇ x

2
 -˛õ!Ó˚ÓˆÏï≈˛ ~•z ò%!ê˛ ã˛°

Ó˚y!¢ ÓƒÓ•yÓ˚ Ü˛Ó˚yÎ˚ 5.6 ~ÓÇ 5.7 §ü#Ü˛Ó˚î ò%!ê˛ ày!î!ï˛Ü˛û˛yˆÏÓ §Ó˚°ï˛Ó˚ •ˆÏÎ˚ ˆàˆÏåÈ–

Î%!@¬ï˛ Ü˛¡õˆÏöÓ˚ ˆ«˛ˆÏe fl∫yû˛y!ÓÜ˛ !öˆÏò≈¢yB˛ Ó°ˆÏï˛ ~üö Ü˛ˆÏÎ˚Ü˛!ê˛ !öÓ≈y!ã˛ï˛ ã˛°Ó˚y!¢ˆÏÜ˛ ˆÓyé˛yÎ˚ñ ˆÎ=!°Ó˚

§y•yˆÏÎƒ Ü˛¡õö¢#° ÓƒÓfliy!ê˛Ó˚ à!ï˛ §ü#Ü˛Ó˚î=!°ˆÏÜ˛ §ü§ÇáƒÜ˛ ˜Ó˚!áÜ˛ xÓÜ˛° §ü#Ü˛Ó˚î !•§yˆÏÓ ˆ°áy

ÎyÎ˚– ˆÜ˛Ó° ï˛y•z öÎ˚ñ ~•z §ü#Ü˛Ó˚î=!°ˆÏï˛ ≤Ã!ï˛!ê˛ ˛õˆÏòÓ˚ §•à !•§yˆÏÓ ô &ÓÜ˛ Ó˚y!¢ ˛õyÄÎ˚y ÎyÎ˚ ~ÓÇ

ã˛°Ó˚y!¢=!°Ä ˆÜ˛Ó°üye §üˆÏÎ˚Ó˚ Ä˛õÓ˚ !öû≈˛Ó˚¢#° •Î˚– ~Ó˚ ú˛ˆÏ° ï˛ˆÏsfÓ˚ §yü!@ˇÃÜ˛ à!ï˛!ê˛ ày!î!ï˛Ü˛û˛yˆÏÓ

!ÓˆÏŸ’£Ïî Ü˛Ó˚y §•ç •ˆÏÎ˚ ÎyÎ˚– 5.6 Ä 5.7 §ü#Ü˛Ó˚ˆÏî ˆÎ ò%!ê˛ fl∫yû˛y!ÓÜ˛ !öˆÏò≈¢yB˛ 

1 ξ

 Ä 

2 ξ

 Ó˚ˆÏÎ˚ˆÏåÈñ ˆ§=!°

xyÓ˚ ~Ü˛!ê˛ Î%!@¬ï˛ Ü˛¡õˆÏöÓ˚ fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°# (normal mode of vibration) ˆÓyé˛yÎ˚– ~•z

!öˆÏò≈¢yB˛=!°  ÎÌye´ˆÏü 

1 ω

 Ä 

2 ω

 ˛ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛ Ü˛!¡õï˛ •Î˚– 

1

2
ω
π

 ~ÓÇ 

2

2
ω
π

 Ó˚y!¢ ò%!ê˛ˆÏÜ˛ xyüÓ˚y

fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Ó˚ Ü˛¡õyB˛fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Ó˚ Ü˛¡õyB˛fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Ó˚ Ü˛¡õyB˛fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Ó˚ Ü˛¡õyB˛fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Ó˚ Ü˛¡õyB˛ (normal mode frequency) Ó!°–

Î%!@¬ï˛ ï˛ˆÏsfÓ˚ Ü˛¡õˆÏö ~Ü˛§ˆÏD ~Ü˛ Óy ~Ü˛y!ôÜ˛ fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°# Óï≈˛üyö ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚– Î!ò

~Ü˛!ê˛üye Ü˛¡õö˜Ï¢°# í˛z˛õ!fliï˛ ÌyˆÏÜ˛ñ ï˛ˆÏÓ Î%!@¬ï˛ ≤Ã!ï˛!ê˛ ï˛ˆÏsfÓ˚ Ü˛¡õö ~Ü˛•z Ü˛¡õyˆÏB˛Ó˚ §Ó˚° ˆòy°à!ï˛ˆÏï˛

•Î˚– ï˛ˆÏÓ ~üö âê˛öy !ÓˆÏ¢£Ï xÓfliyˆÏï˛•z âê˛ˆÏï˛ ˛õyˆÏÓ˚– §yôyÓ˚îû˛yˆÏÓ Î%!@¬ï˛ ï˛sf!ê˛ ~Ü˛y!ôÜ˛ Ü˛¡õö˜Ï¢°#ˆÏï˛

Ü˛!¡õï˛ •Î˚ñ ú˛ˆÏ° ≤Ã!ï˛ ï˛ˆÏsf ~Ü˛y!ôÜ˛ Ü˛¡õyˆÏB˛Ó˚ §Ó˚° ˆòy°à!ï˛Ó˚ í˛z˛õ!Ó˚˛õyï˛ö âˆÏê˛– ~ÓyÓ˚˛ xyüÓ˚y ≤ÃÌü

~Ü˛ˆÏÜ˛ ˆÎû˛yˆÏÓ §Ó˚° ˆòy°à!ï˛Ó˚ xÓÜ˛° §ü#Ü˛Ó˚î ˆÌˆÏÜ˛ ï˛yÓ˚ §üÎ˚ ÈÙÙÙÈò)Ó˚c §ü#Ü˛Ó˚î !öî≈Î˚ Ü˛ˆÏÓ˚!åÈñ ˆ§û˛yˆÏÓ

5.6 Ä 5.7 xÓÜ˛° §ü#Ü˛Ó˚î=!°Ó˚ §üyôyö !°áˆÏï˛ ˛õy!Ó˚– ˙ ò%!ê˛ §üyôyö ÎÌye´ˆÏü :

()() 1111 cos tAt =+ ξωφ

........ 5.10
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()() 2222 cos tAt ξωφ =+

........ 5.11

~áy Ï̂ö A
1
 ~ÓÇ A

2
    ò%!ê˛ xyˆÏ®y°ˆÏöÓ˚ !ÓhflÏyÓ˚ ~ÓÇ 1φ  Ä 

2 φ

 ò%!ê˛ ˆ«˛ˆÏe ≤ÃyÌ!üÜ˛ ò¢y §)!ã˛ï˛ Ü˛Ó˚ˆÏåÈ–

5.10 ~ÓÇ 5.11 §ü#Ü˛Ó˚î myÓ˚y ≤ÃÜ˛y!¢ï˛ 

() 1t ξ

 ~ÓÇ ( )2 tξ  ~Ó˚ üyö ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ xyüÓ˚y ≤ÃyÌ!üÜ˛

!öˆÏò≈¢yB˛ ( )1x t  ~ÓÇ 

() 2 xt

 §•ˆÏç•z ˆ˛õˆÏï˛ ˛õy!Ó˚ :

()()() 112
1
2

xttt ⎡⎤ =+ ⎣⎦ ξξ

= ( ) ( )1 1 1 2 2 2
1 cos cos
2

A t A t⎡ ⎤+ + +⎣ ⎦ω φ ω φ ........ 5.12

~ÓÇñ

()()() 212
1
2

xttt ⎡⎤ =− ⎣⎦ ξξ

= ( ) ( )1 1 1 2 2 2
1 cos cos
2

A t A t⎡ ⎤+ + +⎣ ⎦ω φ ω φ  ........ 5.12

5.12 ~ÓÇ 5.13 ˆï˛ ≤ÃÜ˛y!¢ï˛ §¡õÜ≈˛ ò%!ê˛ ˆÌˆÏÜ˛ x1(t) ~ÓÇ x2(t) !öî≈Î˚ Ü˛Ó˚ˆÏï˛ ˆàˆÏ° xyüyˆÏòÓ˚ ã˛yÓ˚!ê˛

ô ÓÜ˛ Ó˚y!¢ A
1
, A

2
, 

φ

~ÓÇ 

2 φ

 ~Ó˚ üyö çyöy òÓ˚Ü˛yÓ˚– ~çöƒ xyüÓ˚y û˛Ó˚=!°Ó˚ §Ó˚î Ä ˆÓˆÏàÓ˚ ≤ÃyÌ!üÜ˛

üyö=!° ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ Ìy!Ü˛– ~=!°ˆÏÜ˛ ≤ÃyÌ!üÜ˛ ¢ï≈˛ (initial condition) Ó°y •Î˚– ã˛yÓ˚!ê˛ xK˛yï˛ ô ÓÜ˛

Ó˚y!¢Ó˚ üyö !öî≈ˆÏÎ˚Ó˚ çöƒ ã˛yÓ˚!ê˛ ≤ÃyÌ!üÜ˛ ¢ˆÏï≈˛Ó˚ ≤ÃˆÏÎ˚yçö •Î˚– ~Ü˛!ê˛ í˛zòy•Ó˚î ˆÌˆÏÜ˛ !Ó£ÏÎ˚!ê˛ flõ‹T •ˆÏÓ–

ôÓ˚y ÎyÜ˛ t = 0 §ü Ï̂Î˚  

12
12 ,,0

dxdx
xaxa

dtdt
==−==

– xÌ≈yÍñ ≤ÃyÌ!üÜ˛ xÓfliyÎ˚ A Ä B û˛Ó˚ ò%!ê˛

§yüƒyÓfliy ˆÌˆÏÜ˛ ÎÌye´ˆÏü í˛yö!òˆÏÜ˛ Ä ÓÑy!òˆÏÜ˛  

a

 ò)Ó˚ˆÏc §ˆÏÓ˚ !fliÓ˚ xÓfliyÎ˚ Ó˚ˆÏÎ˚ˆÏåÈ S!ã˛e 5.3)– 5.12 Ä

5.13 §ü#Ü˛Ó˚ˆÏî ~•z ¢ï≈˛=!° Ó!§ˆÏÎ˚ xyüÓ˚y ˛õy•z :

() 11122 20coscos2 xAAa =+= φ

........ 5.14a

( )2 1 1 2 22 0 cos cos 2x A A a= − = −φ φ ........ 5.14b

( )1
1 1 1 2 2 2

0

1 sin sin 0
2

t

dx
A A

dt
=

⎛ ⎞ = − + =⎜ ⎟⎝ ⎠ ω φ ω φ ........ 5.14c

( )2
1 1 1 2 2 2

0

1 sin sin 0
2

t

dx
A A

dt
=

⎛ ⎞ = − + =⎜ ⎟⎝ ⎠ ω φ ω φ ........ 5.14d
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í˛z˛õˆÏÓ˚Ó˚ §ü#Ü˛Ó˚î=!° §üyôyö Ü˛Ó˚ˆÏ° ˛õyÄÎ˚y ÎyÎí˛z˛õˆÏÓ˚Ó˚ §ü#Ü˛Ó˚î=!° §üyôyö Ü˛Ó˚ˆÏ° ˛õyÄÎ˚y ÎyÎí˛z˛õˆÏÓ˚Ó˚ §ü#Ü˛Ó˚î=!° §üyôyö Ü˛Ó˚ˆÏ° ˛õyÄÎ˚y ÎyÎí˛z˛õˆÏÓ˚Ó˚ §ü#Ü˛Ó˚î=!° §üyôyö Ü˛Ó˚ˆÏ° ˛õyÄÎ˚y ÎyÎí˛z˛õˆÏÓ˚Ó˚ §ü#Ü˛Ó˚î=!° §üyôyö Ü˛Ó˚ˆÏ° ˛õyÄÎ˚y ÎyÎ˚ :

1 1 1 1 1cos 0, sin 0,A A= =φ ω φ  

22222 cos2,sin0 AaA == φωφ

xÌ≈yÍñ 

10, A=

 

22, Aa =

 

120 φφ ==

~•z üyö=!° ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ˆ°áy ÎyÎ˚

() 12 cos xtat ω =

........ 5.15a

( )2 2cosx t a tω= − ........ 5.15b

§•ˆÏç•z ˆÓyé˛y ÎyÎ˚ñ ~ˆÏ«˛ˆÏe ( ) ( )1 2 20, 2 cost t a tξ ξ ω= = –

~áyˆÏö !fl±Ç û˛Ó˚ ï˛ˆÏsfÓ˚ Ü˛¡õˆÏö ~Ü˛!ê˛üye fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#Ó˚ í˛z˛õ!fliï˛ Ó˚ˆÏÎ˚ˆÏåÈ– ~ÓÇ ˆ§!ê˛ •°

( )2 tξ – ~Ó˚ ú˛ˆÏ° ï˛ˆÏsfÓ˚ ( )1x t  Ä 

() 2 xt

 fliyöyB˛=!° ~Ü˛•z Ü˛¡õyˆÏB˛ xyˆÏ®y!°ï˛ •ˆÏFåÈ– ~•z Ü˛¡õyB˛!ê˛

•° 

2

2
ω

π

, Îy 

() 2t ξ

 ~Ó˚ fl∫yû˛y!ÓÜ˛ Ü˛¡õyB˛–

~ÓyÓ˚ ~•z ôÓ˚ˆÏöÓ˚ ~Ü˛!ê˛ xö%¢#°ö# xy˛õ!ö !öˆÏç•z Ü˛Ó˚ˆÏï˛ ˆã˛‹Ty Ü˛Ó˚&ö–

xö%¢#°ö# ÈÙÈxö%¢#°ö# ÈÙÈxö%¢#°ö# ÈÙÈxö%¢#°ö# ÈÙÈxö%¢#°ö# ÈÙÈ1 : !öˆÏã˛ ˆòÄÎ˚y ≤ÃyÌ!üÜ˛ ¢ï≈˛=!° !fl±Ç û˛Ó˚ ï˛ˆÏsfÓ˚ 5.12 Ä 5.13 à!ï˛ §ü#Ü˛Ó˚ˆÏîÓ˚ ô &ÓÜ˛=!°

!öî≈Î˚ Ü˛Ó˚&ö :

(i) ( )1 0 ,x A=  (ii) () 20, xA = (iii) 
1

0

0
t

dx
dt=

⎛⎞= ⎜⎟ ⎝⎠

 ~ÓÇ (iv) 2

0

0
t

dx
dt =

⎛ ⎞ =⎜ ⎟⎝ ⎠

~•z xö%¢#°ö#ˆÏï˛ ˆÎ ≤ÃyÌ!üÜ˛ ¢ï≈˛ xÌ≈yÍ t= 0 §üˆÏÎ˚ §Ó˚î Ä à!ï˛ˆÏÓˆÏàÓ˚ ˆÎ üyö ˆòÄÎ˚y •ˆÏÎ˚ˆÏåÈñ ï˛y

~Ü˛!ê˛ !ÓˆÏ¢£Ï í˛z˛õyˆÏÎ˚ §,‹T Î%!@¬ï˛ Ü˛¡õö §)!ã˛ï˛ Ü˛Ó˚ˆÏåÈ– 5.3 !ã˛ˆÏe ˛õ!Ó˚!fli!ï˛!ê˛ ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ– ~áyˆÏö í˛zû˛Î˚

û˛Ó˚ˆÏÜ˛•z ï˛yÓ˚ §yüƒyÓfliyˆÏöÓ˚ §yˆÏ˛õˆÏ«˛ í˛yö !òˆÏÜ˛ §ü˛õ!Ó˚üyî (=A) !Óã%˛ƒï˛ Ü˛Ó˚y •ˆÏÎ˚ˆÏåÈ– ò%ôyˆÏÓ˚Ó˚ !fl±Ç ò%!ê˛Ó˚

ô ÓÜ˛ ~Ü˛ ~ÓÇ §ˆÏB˛yã˛ö Óy ≤Ã§yÓ˚ˆÏîÓ˚ üyö ~Ü˛ •ÄÎ˚yÎ˚ ï˛yÓ˚y Î%!@¬ï˛ û˛Ó˚ ò%!ê˛Ó˚ Ä˛õÓ˚ ~Ü˛•z !òˆÏÜ˛ §üyö

Ó° ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚– ~Ó˚ ú˛ˆÏ° Î%_´Ü˛yÓ˚# üyˆÏé˛Ó˚ !fl±Ç!ê˛Ó˚ ˆÜ˛yˆÏöy §ˆÏB˛yã˛ö Óy ≤Ã§yÓ˚î •Î˚ öy ~ÓÇ ˆÎˆÏ•ï%˛

!fl±Ç=!°ˆÏÜ˛ •y°Ü˛y xÌ≈yÍ û˛Ó˚•#ö ôˆÏÓ˚ ˆöÄÎ˚y •ˆÏÎ˚ˆÏåÈñ ï˛y•z û˛yÓy ÎyÎ˚ ˆÎñ ~•zû˛yˆÏÓ Ü˛¡õö §¡õy!òï˛

•ÄÎ˚yÓ˚ §üÎ˚ ò%!ê˛ û˛ˆÏÓ˚Ó˚ üyˆÏé˛Ó˚ !fl±Ç!ê˛Ó˚ ˆÎö x!hflÏc•z ˆö•z– ú˛ˆÏ° Î%@¿ˆÏöÓ˚ ˆÜ˛yˆÏöy ≤Ãû˛yÓ•z ~•z Ü˛¡õˆÏö

ˆö•z– xy˛õ!ö Ó%é˛ˆÏï˛•z ˛õyÓ˚ˆÏåÈöñ ~!ê˛ !fl±ÇÈÙÈû˛Ó˚ ï˛sf!ê˛Ó˚ fl∫yû˛y!ÓÜ˛ Ü˛¡õö˜Ï¢°#– ~ˆÏ«˛ˆÏe fl∫yû˛y!ÓÜ˛ Ü˛¡õˆÏöÓ˚

ˆÎ Ü˛¡õyB˛ ˛õyÄÎ˚y ÎyÎ˚ñ ï˛y ≤Ã!ï˛!ê˛ û˛ˆÏÓ˚Ó˚ !öçfl∫ fl∫yû˛y!ÓÜ˛ Ü˛¡õyˆÏB˛Ó˚ §üyö–
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5.3 Î%!@¬ï˛ Ü˛¡õˆÏö !ÓhflÏyˆÏÓ˚Ó˚ ü!í˛í˛zˆÏ°¢öÎ%!@¬ï˛ Ü˛¡õˆÏö !ÓhflÏyˆÏÓ˚Ó˚ ü!í˛í˛zˆÏ°¢öÎ%!@¬ï˛ Ü˛¡õˆÏö !ÓhflÏyˆÏÓ˚Ó˚ ü!í˛í˛zˆÏ°¢öÎ%!@¬ï˛ Ü˛¡õˆÏö !ÓhflÏyˆÏÓ˚Ó˚ ü!í˛í˛zˆÏ°¢öÎ%!@¬ï˛ Ü˛¡õˆÏö !ÓhflÏyˆÏÓ˚Ó˚ ü!í˛í˛zˆÏ°¢ö

xy˛õ!ö •Î˚ï˛ °«˛ƒ Ü˛ˆÏÓ˚ˆÏåÈö ˆÎñ 5.2 xö%ˆÏFåÈˆÏòÓ˚ xyˆÏ°yã˛öyÎ˚ Ä xö%¢#°ö#ˆÏï˛ xyüÓ˚y !fl±ÇÈÙÈû˛Ó˚ ï˛ˆÏsfÓ˚

à!ïÓ˚ ˆÎ ò%!ê˛ í˛zòy•Ó˚î ˆ˛õˆÏÎ˚!åÈñ ï˛yˆÏï˛ !ÓˆÏ¢£Ï ò%’ôÓ˚ˆÏöÓ˚ ≤ÃyÌ!üÜ˛ ¢ï≈˛ xyˆÏÓ˚y˛õ Ü˛Ó˚y •ˆÏÎ˚ˆÏåÈ– ò%!ê˛ ≤ÃyÌ!üÜ˛

¢ˆÏï≈˛ û˛Ó˚ ò%!ê˛Ó˚ xÎ%!@¬ï˛ ˆòy°à!ï˛Ó˚ ~Ü˛ ~Ü˛!ê˛ xÓfliy Ü˛“öy Ü˛Ó˚y •ˆÏÎ˚ˆÏåÈ– ï˛ˆÏÓ ~Ü˛!ê˛ˆÏï˛ñ xÌ≈yÍ Îáö

( ) ( )1 20 0x x= , ï˛áö ò¢y ˛õyÌ≈Ü˛¢)öƒ xyÓ˚ xöƒ!ê˛ˆÏï˛ñ Îáö ( ) ( )1 20 0x x= − , ï˛áö ò¢y ˛õyÌ≈Ü˛ƒ π  ôÓ˚y

•ˆÏÎ˚ˆÏåÈ– ~•z !ÓˆÏ¢£Ï ≤ÃyÌ!üÜ˛ ¢ï≈˛ !öÓ≈yã˛ˆÏöÓ˚ ú˛ˆÏ° xyüÓ˚y !fl±Ç ÈÙÈû˛Ó˚ ï˛sf!ê˛ˆÏÜ˛ ~Ü˛ ~Ü˛!ê˛ !Ó÷m

Ü˛¡õö˜Ï¢°#ˆÏï˛ Ü˛!¡õï˛ •ˆÏï˛ ˆòˆÏá!åÈ– ~ˆÏï˛ xÓ¢ƒ xyüyˆÏòÓ˚ xyˆÏ°yã˛öy !Ü˛å%Èê˛y §Ó˚° •ˆÏÎ˚ˆÏåÈ–

!Ü˛v xy˛õ!ö !öÿ˛Î˚•z ≤ÃŸ¿ ï%˛°ˆÏï˛ ˛õyˆÏÓ˚ö ˆÎñ !fl±Ç ÈÙÈû˛Ó˚ ï˛sf!ê˛ !Ü˛ ~Ü˛•z §ˆÏD ò%•z Ü˛¡õö˜Ï¢°#ˆÏï˛ Ü˛!¡õï˛

•ˆÏï˛ ˛õyˆÏÓ˚ öy⁄ à!îˆÏï˛Ó˚ û˛y£ÏyÎ˚ Ó°y ÎyÎ˚, 

1 ξ

 ~ÓÇ 

2 ξ

 í˛zû˛Î˚•z !Ü˛ xÈÙÈ¢)öƒ (non zero) •ˆÏï˛ ˛õyˆÏÓ˚ öy⁄

~Ü˛ Ü˛ÌyÎ˚ ~Ó˚ í˛z_Ó˚ •Ñƒyñ !öÿ˛Î˚•z ï˛y •ˆÏï˛ ˛õyˆÏÓ˚– ï˛ˆÏÓ xy˛õ!ö •Î˚ï˛ ~Ü˛!ê˛ §¡õ)î≈ í˛zòy•Ó˚ˆÏîÓ˚ §y•yˆÏÎƒ

~•z xÓfliy!ê˛ Ó%é˛ˆÏï˛ ã˛y•zˆÏåÈö– ï˛y•z ~áyˆÏö xyüÓ˚y ~Ü˛!ê˛ ˛õ,ÌÜ˛ ≤ÃyÌ!üÜ˛ ¢ï≈˛ ôˆÏÓ˚ !öˆÏÎ˚ 5.12 Ä 5.13

§ü#Ü˛Ó˚ˆÏîÓ˚ ô &ÓÜ˛=!° !öî≈Î˚ Ü˛Ó˚Ó–

~•z ≤ÃyÌ!üÜ˛ ¢ï≈˛à%!° •°ñ t = 0 §üˆÏÎ˚

()()1
12

0

02,00,0
t

dx
xax

dt=

⎛⎞ === ⎜⎟ ⎝⎠

 ~ÓÇ 
=

⎛ ⎞ =⎜ ⎟⎝ ⎠
2

0

0
t

dx
dt

xÌ≈yÍñ ≤ÃÌü û˛Ó˚!ê˛ í˛yö !òˆÏÜ˛ 2a ò)Ó˚ˆÏc ~ÓÇ !mï˛#Î˚ û˛Ó˚!ê˛ §yüƒyÓfliyˆÏö !fliÓ˚ xÓfliyÎ˚ xyˆÏåÈ S!ã˛e 5.4)

~áö xyüÓ˚y 5.14 (a –d) §ü#Ü˛Ó˚î=!°Ó˚ xö%Ó˚*˛õ ã˛yÓ˚!ê˛ §ü#Ü˛Ó˚î !°áˆÏï˛ ˛õy!Ó˚ :

( ) ( )1 1 1 2 2
10 cos cos 2
2

x A A a= + =φ φ

( ) ( )2 1 1 2 2
10 cos cos 0
2

x A A= − =φ φ

( )1
1 1 1 2 2 2

0

1 sin sin 0
2

t

dx
A A

dt
=

⎛ ⎞ = − + =⎜ ⎟⎝ ⎠ ω φ ω φ

( )2
1 1 1 2 2 2

0

1 sin sin 0
2

t

dx
A A

dt
=

⎛ ⎞ = − + =⎜ ⎟⎝ ⎠ ω φ ω φ

í˛z˛õˆÏÓ˚Ó˚ §ü#Ü˛Ó˚î=!° §y•yˆÏÎƒ ~áö xy˛õ!ö !öˆÏç•z ˆòáyˆÏï˛ ˛õyÓ˚ˆÏÓö ˆÎñ

( ) ( )1 1 2cos cosx t a t t= +ω ω ........ 5.16a
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()() 212 coscos xtatt =− ωω

........ 5.16b

!eˆÏÜ˛yî!ü!ï˛Ó˚ §)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ x1 Ä x2 -~Ó˚ Ó˚y!˘¢üy°yˆÏÜ˛ ˆ°áy ÎyÎ˚

()2112
22coscos 22 xtatt

−+
=

ωωωω

........ 5.17a

Ä

()21
22sin2 xtat

− =ωω

 

12 sin2
+ ωω

t ........ 5.17b

xy˛õöyÓ˚ •Î˚ï˛ üˆÏö xyˆÏåÈ ˆÎñ 

2
1

' k
m

ω=

 ~ÓÇ 

2
2

'2 kk
m

ω+ =

– ~áyˆÏö 2 1ω ω>  xÌ≈yÍñ 

21 − ωω

 Ó˚y!¢!ê˛

ôöydÜ˛– xyüÓ˚y 

21

2
+ ωω

, xÌ≈yÍ ò%•z ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛Ó˚ àí˛¸ˆÏÜ˛ 

ω

 ~ÓÇ 

21 − ωω

 xÌ≈yÍñ ò%•z ˆÜ˛Ô!îÜ˛

Ü˛¡õyˆÏB˛Ó˚ ˛õyÌ≈Ü˛ƒˆÏÜ˛ 

ωΔ

 !•§yˆÏÓ !°áÓ– û˛Ó˚ ò%•z!ê˛Ó˚ üˆÏôƒ Î%@¬ö Î!ò xy°ày •Î˚ñ ï˛ˆÏÓ 

' kk <<

 ~ÓÇ

ωΔ

 Ó˚y!¢Ó˚ üyö 

ω

 ~Ó˚ ï%˛°öyÎ˚ ˆåÈyê˛ •ˆÏÓ– ~•z xÓfliyÎ˚ 

2
ωΔ

 t ~Ó˚ §y•zö Óy ˆÜ˛y§y•zö 

t ω

 ~Ó˚ §y•zö

Óy ˆÜ˛y§y•zˆÏöÓ˚ ï%˛°öyÎ˚ ô#Ó˚ à!ï˛ˆÏï˛ xyˆÏ®y!°ï˛ •ˆÏÓ– xyüÓ˚y ôˆÏÓ˚ !öˆÏï˛ ˛õyÓ˚Ó ˆÎñ 

() 1xt

 Ä 

() 2 xt

 ~Ó˚

!ÓhflÏyÓ˚ •ˆÏÓ ÎÌye´ˆÏü 

2cos
2 m Aat ωΔ =

 ~ÓÇ 2 sin
2mB a tωΔ= – xyüÓ˚y ~ÓyÓ˚ ( )1x t  Ä 

() 2 xt

 ˆÜ˛

!°áˆÏï˛ ˛õy!Ó˚ : () 12cos.coscos
2
Δ ==m xtattAt ωωω

........ 5.18a

Ä

() 22sin.sinsin
2
Δ ==m xtattBt ωωω

........ 5.18b

5.18a Ä b §)ˆÏe xyüÓ˚y 

1 x

 Ä 

2 x

 ~Ó˚ ˆÎ Ó˚y!¢üy°y ò%!ê˛ ˆ˛õ°yüñ ï˛yÓ˚ ˆÌˆÏÜ˛ !fl±Ç ÈÙÈû˛Ó˚ ï˛ˆÏsfÓ˚

xyˆÏ®y°ˆÏöÓ˚ ã˛!Ó˚e!ê˛ ˆÓyé˛y ˆÎˆÏï˛ ˛õyˆÏÓ˚– 5.5 a Ä b !ã˛ˆÏe §üˆÏÎ˚Ó˚ §ˆÏD 

1 x

 Ä x
2 
~Ó˚ ˛õ!Ó˚Óï≈˛ö ˆ°á!ã˛ˆÏeÓ˚

§y•yˆÏÎƒ ˆòáyˆÏöy •ˆÏÎ˚ˆÏåÈ–

0 t=

 §üˆÏÎ˚ 

2,0, mm AaB ==

 §%ï˛Ó˚yÇ 

12 2,0 xax ==

§%ï˛Ó˚yÇñ ~•z §üˆÏÎ˚ 

1 x

 Ó˚y!¢!ê˛ 2a !ÓhflÏyˆÏÓ˚ Ä 

ω

 ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛ Ü˛!¡õï˛ •ˆÏï˛ ÌyÜ˛ˆÏÓ– x
2
  Ó˚y!¢Ó˚

!ÓhflÏyÓ˚ ~•z ¢)öƒ– §%ï˛Ó˚yÇñ A û˛Ó˚!ê˛ 2a !ÓhflÏyˆÏÓ˚ Ä 

ω

 ˆÜ˛Ô!îÜ˛ Ü˛¡õyˆÏB˛ Ü˛!¡õï˛ •ˆÏ°Äñ B û˛Ó˚!ê˛ ~•z ü%•)ˆÏï≈˛

!fliÓ˚ ÌyÜ˛ˆÏÓ–

!Ü˛v §üˆÏÎ˚Ó˚ §ˆÏD 

m A

 !ÓhflÏyÓ˚!ê˛ Ü˛üˆÏï˛ ÌyÜ˛ˆÏÓ ~ÓÇ Îáö 

22
t ωπ Δ=

 xÌ≈yÍñ 

, tπ
ω =Δ

 ï˛áö 

0 mA=


